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TO THE SECOXH EDITION. 


'Fhe limits wliich 1 have assigned to myself both in 
tins and tlic former (nlition, and which I have en- 
deavoured not to transgress either in excess or defect, 
arc the requirements of the Senate-House Examina- 
tion at Caiiibridge. After a very careful rcvisal, I 
have come (o the conclusion that the Propositions 
which I liave given arc fully sufficient for the solu- 
tion of all sucli questions as can be conveniently 
treated geometrically. At the same time there is no 
j)roposition which can be omitted without the risk 
of some important point being overlooked. Though 
the alterations in the present edition are not exten- 
sive, they are important; one or two of the demon- 
strations have been much shortened and simplified, 
a footnote has been inserted on the first proposition 
both of the Ellipse and of the Hyperbola, wffiere 
the text seemed obscure ; a fresh proposition has 
been introduced on the circle of curvature in the 
Parabola and Ellipse, which is also applicable to the 
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Hyperbola ; ther letters of some of the figures have been 
changed to avoid the confusion which arose from the 
multiplication of dashes and suffixes ; many corollaries 
have been added with a view of calling attention to 
points which had been passed over without notice. 
Finally, 130 fresh problems, selected from Examina- 
tion Papers of recent dates, have been appended, 
which it is believed will afford the student all the 
opportunities for practising himself in this subject 
which he can desire. 

The solutions of the problems contained in the 
former edition have been published in such a form 
as to be of service not only to the teacher, but also 
to the pupil. The additional problems, which arc 
not referred to in the solutions, are placed separately 
at the end of the book. With the solutions the book 
now consists of three parts — the book-work, problems 
solved by way of illustration, and unsolved problems 
for the independent exercise of the student. 

W. II. DKEW. 

Klackheath Proprietary School, 

February l^th, 1862. 



PREFACE. 

» 

The importance of stu(l)'ing the properties of the Conic 
Sections by Geometrical methods before entering upon 
the algebraic theory cannot, I think, be too much 
insisted upon, whether regarded as an introduction to 
the study of Newton, or with a view to a more 
complete understanding subsequently of the principles 
of Analytical Geometry. 

The advantage of observing this order is now so 
fully recognised at Cambridge, that during the first 
three days of the Examination for Honours the geo- 
metrical method is alone admissible. 

At the same time I believe that this mode of 
treating the subject has not received in Schools the 
attention which it deserves, and I cannot but think 
that this is in a great degree owing to the want of 
a book altogether suited for the purpose. 

In the following pages, which were originally com- 
piled for the use of my own pupils at Blackheath, 
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1 liave aimed at supplying this deficiency, and I have 
endeavoured to place the subject before the student 
in such a form, that, after mastering the elements of 
Euclid, he may find it an easy and interesting con- 
tinuation of his geometrical studies. 

With a view also of rendering the work a complete 
Manual of what is required at Cambridge, 1 have 
either embodied into the text, or inserted among the 
t'xamples, every book -work question, problem, and rider, 
which has been proposed in the Senate House up to 
the present time. 

The principal points in which the present Treatise 
will be found to differ from those now in use are the 
following : — 

(1.) The three Conic Sections are defined in a uni- 
form manner. 

(3.) The use of the Second Book of Euclid is avoided, 
as mneh as possible, as having a tendency to lead to 
algebraical methods of reasoning. 

(3.) The properties of the ellipse and hyperbola 
which depend upon the directrix arc fully given, and 
the analogy between these curves and the parabola is 
thus maintained. 

(4.) A method of proving the fundamental property 
of the tangents has been adopted, which, while it 
presents the idea of a limit in its simplest form, is 
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applicable, word for word, to each* of the three 
curves. 

(5.) With a view to simplification, several of the 
demonstrations have been much modified from the form 
in which they are usually presented, among which I 
may particularly mention those propositions which re- 
late to the properties of conjugate diameters in the 
ellipse, and of the asymptotes in the hyperbola, and the 
proof that QV'^ — ASP-PV 'm the parabola; while 
many important theorems admitting of an easy geo- 
metricab solution are introduced. 

(fi.) A full discussion is given in a distinct* chapter 
of the Sections of the Cone. Figures are drawn repre- 
senting the position of the foci and of the directrices 
of the sections in every case. 

W. 11. DREW. 


Blackiikath Puoprtetart Scirooi., 
March mJi, 1857. 




CONIC SECTIONS. 


INTRODUCTION. 

1. Dkf. The carve traced out by a point, which moves in 
such a manner tlifit its distance from a given fixed point 
continually bears the same ratio to its distance from a given 
lixed lino, called a Conic Section, 

The fixed point is called the JCoca/s, and the fixed line the 
Directrix. 

Thus if S be tlie focus, and KK' 
the directrix, and D a [loiiit from which 
]^M is drawn at riglit angles to the 
directrix, the curve traced out by P 
will be a Conic Section^ provided P 
move in sucli manner that 8P always 
bears the same- ratio to PM. 

(1.) When the distance from the 
fixed point is equal to the distance 
from the fixed line, that is, when BP 
is equal to PJi, the Conic Section is ^ 
called a Parabola, 

(2.) When the distance from the fixed point is less than 
the distance from the fixed line, that is, whcnjhc ratio which 

•p^ 
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SP bears to P^f is less than unity, tlie Conic Section is 
called an Ellipse. 

(3.) When the distance from the fixed point is greater 
than the distance from tlic fixed line, that is, when the ratio 
which SP bears to PM is greater than unity, the Conic 
Section is called an Ih/perbola. 

2. The reason of tlic term Conic SectioJis being applied 
to these curves is that, when a Cone is intersected by a plane 
surface, the boundary of the section so formed will, In general. 
be one or other of these curves. 

1 purpose to investigate the properties of the Conic Secti'us 
from the definitions given above, and afterwards to sliow in 
what manner a Cone must be divided by a plane in order 
that the* curve of intersection may be a Parabola, Ellipse, or 
Hyperbola, 



CHAPTER I. 

THE PARABOLA. 



' Prop. I. 

3. The focus and directrix of a parabola being given, to 
find any number of points on tlie curve. • 


M'r 

M 


X\ 


P 







\j/ 


A" 


Let 8 be the focus, and^ATA"' the directrix. 

Draw X8x at right angles to the directrix, and bisect the 
line SXin A; then 

since AS = AX, 

/. ud is a point on the curve. 

The point yl is called the Vertex, and the line Ax, with 
respect to which the curve is evidently symmetrical, is called 
the Axis, 

b«2 
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On the directrix take any point M\ join 8M ; and draw 
J/P at right angles to the directrix. 

At the focus 8 make the angle M8F equal to the angle 
8 IIP; then 

8P = PM, 

P is a point on the curve. 

So by taking any number of points, II, II", on the 
directrix, we may oblain as many points, P', P" , on the 
curve as we please, and the line which passes through A and 
all these points will be the parabola whose focus is 8 and 
directrix KK\ 

Con. 1. As ilf is taken further away from the point A", tlie 
line 8M and the angles 8MP, il/>S^P, and, consequently, tlie 
lines 8P and PM, continually increase. Hence, since XII 
and IIP increase together, the curve recedes at the same time 
both from the axis and directrix; and since tlie angle 8 IIP 
can iiev<5:,T exceed a right angle, and the lines 8P and MP will 
therefore always meet, it is evident that there is no limit to 
the distance to which the curve may extend on both sides of 
the axis. 

Cor. 2. The parabola may be described practically in the 
following manner. 
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Let 8 be the focus and 1\X be the directrix; and let a rigid 
bar QM, having a string of the same length as itself fastened 
at one end Q, be made to slide parallel to the axis with the 
other end M on the directrix ; then if the other end of the 
string be fastened at the focus, and the string be kept 
stretched by means of the point of a pencil at P, in contact 
with the bar, since 8P will always bo equal to PM, it is 
evident that the point P will trace out the parabola. 
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Prop. II. 

4;. The distance of any point inside the parabola from tlie 
focus is less than its distance from the directrix; and the 
distance of any point outside the parabola from the focus is 
greater than its distance from the directrix. 


n r 


/ \ 

A A 'S’ 

(1.) Let Q be a point inside tlie parabola. 

Draw (JM at right angles to the directrix, meej:ing the 
parabola in P; join 8P\ then 

since SP PAf^ 

.-. SP and PQ = QM. 

But AS'Pand PQ > SQ, 

QAI > SQ. 

(±) Let Q be a point outside the parabola. 

Draw MQ at right angles to the directrix, and produce it 
to meet the parabola in P; join SP; then 

" since SQ and QP > SP, 
and SP == PAl, 

SQ and QP > /Mf, 

SQ > QAL 

Cor. (Conversely a point will be inside or outside the 
parabola according as its distance from the focus is less or 
greater than its distance from the dii'cctrix. 

5. Dep. The line PN (see fig. Prop. III.) drawn at right 
angles to the axis from the point P in the cu^e is called the 
Ordinate of the point P, and the line A IP the Abscissa. 
The double ordinate BC drawn through the focus, and termi- 
nated both wavs by the curve, is called the Latus Bectum. 
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' " Prop. III. ’ 

The Latus Eectum BC = A:A8. 


I 



/ 


/ 

/ 



\ 

\ 




I 


N 



Draw BK at right angles to the directrix. 

Then SB = BK = 8X =2 AS, 

B0==4A8. 

6. Def. If a point P'. be taken on the [see Jig. 

Prop. IV.) near to P, and FP' be joined, the line PP pro- 
duced, in the limiting position which it assumes when P is 
made to approach indefinitely near to P, is called the Tangent 
to the parabola at the point P. 

V Prop. IV. 

^ If the tangent to the parabola at any point P intersect the 
directrix in the point Z) then SZ will be at right angles to 
SP, 

Let F be a point on the parabola near to P. 
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Draw tlic chord rP\ and produce it to meet the directrix 
in Z\ join 8Z. 

Draw PM, F M* at right angles to the directrix ; join SP^ 
8F\ and produce P8 to meet the ]iaaa«»4»0Wih Q, 

Then, since the triangles ZMPj ZM' F are similar, 

ZP : ZP :: MP : 31' P\ 

:: 8P: 8F, 

8Z bisects the angle F8Q. {EiicUd, VI. Prop. A.) 

Now when P' is indefinitely near to P, aiid PF becomes 
the tangent at the point P, the angle PSP' becomes indefinitely 
small, while the angle Q8P' approaches two right angles, 
^nd therefore the angle F 8 Z^ which is half of the angle 
P 8 Q, becomes ultimately a right angle. 

Hence, when PZ is the tangent, 

' the angle Z8P is a right angle, 
or 8Z is perpendicular to 8P. 

Cor. Conversely, if 8Z be drawn at right angles to >SP, 
meeting the directrix in Z^ and PZ be joined, PZ will be a 
tangent at P. 
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< ' Prop. V. 

7. The tangent at any point P of a parabola bisects the 
angle between the focal distance 8P, and the perpendicular 
PM on the directrix. 



Let the tangent at P meet the directrix in the point Z-, 
join SZ; tlien since the angle Z8P is a right angle, {Pro]t. 


) 


ZS-‘ + A'P* = PZ\ 


Also ZliP + MP = PZ^, 

ZP + 8P^ = Z^P + MP\ 
But SP = PM, 

Z8 = ZM. 


Now in the triangles ZP8, ZPM, 

ZP, P8 = ZP, PM, each to each, 
and Z8 = ZM, 

the angle 8PZ = the angle MPZ-, 
or PZ bisects the angle 8PM. 
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Cor. 1. If ZPbe produced to Ry then ^lie angle 8FR — 
the angle MPR, 

Cor. 2. It is evident that the tangent at the vertex A is 
perpendicular to the axis. 


Prop. VI. 

^ The tangents at the extrcniitics of a focal chord inter- 
sect at right angles in the directrix. 

Let PH (J he a focal chord, and let the tangent at P meet 
tl‘e directrix 1' 

Join SZ] tlicu 

the angle Z>VPis a right aiigle, {ProjK IV.) 

* 

jind also the angle ZAQ is a right angle, 

V /. ZQ is tiie tangent at (J, {Prop. IV. Co7\) 

or ih(t tangents at tlic extremities of the focal eliord/hS^V 
intersect in the directrix. 

Again, draw P2I, (JJ/' at right angles to the directrix ; 
then 

since MP^ PZ — SP, PZ, each to each, 

and tlie angle M PZ = the angle PP^Z^ 

. . tlic angle MZP= the angle 8ZP^ 

the angle SZP \^ half of the angle SZM, 

So the angle SZQ is half of the angle SZM', 

the angle PZQ is half of the two SZM and SZM\ 

But the angles SZM and SZM' = two right angles,* 

.*. the angle PZQ is a right angle, 

or the tangents at the extremities of a focal chord intersect 
at right aiiglts in the directrix. 



10 


COKIC SECTIONS. 


‘ , Prop. VII. 

' 9. If the tangent at any. point P of a parabola meet tlie 
axis produced in the point T, and FNhe, the ordinate of the 
point P, then NT =2 AN. 



Join SP, and drawPJiT at right angles tc the directrix; 
n then 

ihe angle, SPT'= the angle MPT — the angk /■'TP. 

• HT= HP. 

But /S’P= PJf= A'.V 

.-. ST^XN. 

But AH = AX. 

the remainder A T.— the remainder 
NT =2 AX. 

Def. The line NT v& called the Hithtanf/ept ' ^ 

10. Def. The line P G, drawn at right angles to PP, is 
called the Nonnal at the point P, and N G the Subnormal. 

Prop. YIII. 

Jf the normal at the point P of a parabola meet the axis 
in the point G. then NG — 2A8. 
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Since the angle SPG = the complement of the angle SPT, 
and the angle = the complement of the angle S TP, 
and also the angle SPT — the angle S TP, [Prop, VIL) 
the angle SPG — the angle SGP, 

SG=8P. 

But SP= PM =:XN, 
r. SG = XK 

Taking away the common part SN, . ■ 

the remainder N G ~ SX — 2 AS, 

Pnop.TX. 

11. If PA' he an ordhiate to the parabola at the point P; 
tl)enPxY'^= tJ V. ..a: 

Since TPG is a nght angle, and VN perpendicular to TG, 
PX is a mean ])roportionul between 2^N and*X(? ; 
or = 7'AA NG. [EncUd, YI. 8 Cor,) 

But 7\Y-^2AX. (Pro/K Y\l) 
and AVr Vlll.) 

PX--=-4AS.AK 

Proi\ X. 

12 If the icnigrnt an)^ point P intersect the tangent at 
the vertex in )\ J i P 5^ will bisect P7\at right angles, v 
iind will be a mc‘vu j/p'-portional between SA and SP. 

Draw PA at riglit angles to the axis ; then 
since ji Pis parallel to PA, 

TY : YP :: TA : AN, 

But AT = AN, {Prop.Yll,) 

TY=^PY; 

and •.* SY, YP-= 8Y, Y2] each to each, 
miSP^ST, {Prop, Yll.) 
the angle SYP — the angle SYT, 

/. 8 Y is perpendicular to PT 
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Again, since TYS is a right angle, and YA perpendicular 
to 8T, 

/S' y is a mean proportional between /ST and SA ; 
or 8 Y‘= ST. 8 A: {Euclid, VI. S Cor.) 

But 8T= SI, {Prop. VII.) ^ ^ 

.-. 8Y^= SP. 8A. ■ IfSy- 

Cor. If PM be drawn at riglit angles to tlie directrix, and 
-J/y be joined, then 

since SP^ PY — MP^ PY, each to each, 
and the angle 8PY= the angle 31P Y, [Prop, V.) 

/. the angle 8 YP = the angle M YP, 

8Y and YM arc in the same straiglit line. 

Prop. XI. 

13. To draw a pair of tangents to a parabola from an 
external point. 




tJONIC SECTIONS. 


Let 0 be the given external point. 

;Toin 08, and with centre 0 and radius 08 describe a 
circle, cutting the directrix in M and ilf, which it will always 
do, on whichever side of the directrix 0 is situated, since 0 
is nearer to the directrix than to the focus, {Prop. 11.) ^ 

Draw 71/ (j) and 71/'^' parallel to the axis ^ meeting the 
parabola in Q and Q\ 

Join 0 Q, OQ’ ; these will be the tangents required. 

Join 8 Q and 8 Q' ; then 

*.• 0 Q, Q8 — OQ, QM, each to each, 
and 08= OM, 

the angle 0 = the angle OQM, 

0(^ is the tangent at Q. [Prop. V.) 

8o 0 Q' is the tangent at Q\ 


Prop. XJl. 

14. If from a point 0 a pair of tangents 0 Q ayd 0 Q' be 
rlrawn to a’ parabola, the triangles 08Q, 0 8Q' will be 
similar, and 08 will be a mean jn'oportional between 8Q 
and 8 Q\ 

Join 8M, cutting OQ at right angles [Prop. X. Cor.) in 
the point Y \ then 

since the angle 8Q0 = the angle 71/ Q 0, [Prop, V.) 
and that the angle MQO = the angle 8Mif, 
each of these angles being the complement of the angle QMY, 
the angle SQO = the angle 8 MM’. 

But the angle "SMM' at the circumference is half the angle 
8 OM at the centre, and is therefore equal to the angle 8 0 Q'. 

the angle 8 QO = the angle 8 0 Q\ 

So the angle 0 = the angle 8 Q 0, 

the remaining angle 08Q = the remaining] angle 0 8 Q\ 
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And therefore 4he triangle OSQia similar to the triangle 
OS O', 

8Q : SO :: 80 ; 8Q’, 

8Q . 8Q' = S0\ 

or ^0 is a mean proportional between 8 Q and 8 O'. 

:: sn: ’* <! Si>i : 4so^ 

Pfiop, XIII. 

15. If a pair of tangents OQ, OQ' be drawn to a para- 
bola, and 0 Fbe drawn parallel to the axis meeting QQ in 
V, then Q Q' Shall be bisected in V. 



Draw QM, Q'M' at right angles to the directrix. 
Join OM, OM' ; and let O V meet MM' in 

Then, since OM = OM’, (Prop. XI.) 
the angle OMZ = the angle OM Z, 
and|the angle 0ZM= the angle OZM, 
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and the side OZ is common to the triangles OZM, OZM\ 

,\MZ^MZ, 

And because the lines QM, ZV, QM are parallel, 

/. QV : QV \\ MZ i M'Z. 

But 

Qv^ crv, 

Q Q is bisected in K 


Prop. XIV. 

16. If from a point O a pair of tangents 0 OQ be 
drawn to a parabola, and 0 P be drawn parallel to the axis 
meeting die parabola in 1\ and Q Q' in 1% then the tangent 
at will be |)arallel to Q Q\ and OV will be bisected in F. 



Draw the tangent RPR' meeting OQj O Q \n R and R\ 

Join PQy and draw R W parallel to the axis, meeting FQ 
in Wy ' ) 
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^ Then, by the last Proposition, 

" ' PW= WYJ. 

And because li W is parallel to OP^ 

on : BQ :: PW : WQ, 

But PWr= W(l 

on = nQ; 
so on: = n^ q\ 
on : no OB' : B' Q\ 

nn: is parallel to Q (/. 

Again, since PJl is parallel to Q \\ 

OP : PV :: OB : B Q. 

But Oil = B 0, 

(9P= pi: 

Cor. 'From this it is" manifest that if any number of parallel 
chords be drawn in a ])arabola, their middle ])oint.s will all lie 
on the line parallel to the axis wliich passes tlirougli the point 
where the tangent drawn parallel to the chords meets the 
parabola, 

Dep. Any line P F. drawn from a point P in the parabola 
parallel to the axis, is called a Diameter, 

The point Pis called the Vertex of the diameter PF; and 
the tangent at Pthe Tangent at the Vertex. 

The diameter consequently bisects all chords ])arallcl to 
the tangent at the vertex, and the tangents at the extremities 
of any chord will intersect in the diameter corresponding to 
that chord. 

Def. a line Q F, drawn parallel to the tangent at P from 
a point Q in the curve, is called the Ordinate to the diameter 
PV. 


Prop. XV. 

17. If ^Fbe an\)rdinate to the diameter PF then QV‘^ 
= 4. SP.ifF. 
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Produce Q V to meet tlie parabola in Q ; and dijftw tlie 
tangents QO, Q' 0, meeting FjP produced in the point 0, 
[Prop- XIV.) 

Also let the tangent at P meet 0 Q in jB, and join SP, 
SP, and S Q. Now since from the point li two tangents 
B Q arc drawn to the parabola, the triangle liPB is similar 
to the triangle B S Q, [Prop. Xil.) 

the angk SRP=^ the angle SQB. 

But the angle SQB — the angle STQ^ {Prop. VII.) 

= tlie angle POB, 
the angle SBP ~ the angle POB, 
and the angle SPB = the angle OPB, {Prop, V. Co/, i) 
the remaining angle BSP=^ the remaining angle OBP^ ^ 
the triangle SPB is similar to the triangle POB^ 

SP : PB :: PB : PO, ’ 

PB^ = SP , PO, 

= SP . PV [Prop, XIV.) 
Again, since $ F is parallel to PB, 

QV: PB :: OF : OP, 

But OF = 2 . OP, {Prop. XIV.) 
c 
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QV=2.PR, 

QV‘ = 4.PR\ 

= 4.SP.PV. 

is. Uep. The double ordinate to tbc diameter PV, drawn 
parallel to the tangent at i' and passing through tlie focus, is 
calleil the Parameter of the. diameter P V. 


Proi‘. XVI 


'I’he paramefer of the diameter ]*V — 4 . SP. 



Draw QHQ' through the focus parallel to the tangent at P, 
let the tangent at Pmect the axis produced in 5’; then 

• QV^ = 4. SP.P V. ( Prop. XV.) 

But i ' F = ST = SP, {Prop. VII.) 

Qr = 4SP^-, 

‘^ox Q7= 2SP, 

'/i Qg = isp. •= 
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Prop. XVTL , 

19. If two cliords of a parabola intersect one another, the 
rectangles contained by their segments are in the ratio of the 
])arameters of the diameters which bisect the chords. 
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‘ 7 ' ' - 

Let the, ehords Qtj, (/</ intersect one another in the point (K 

fhseet Q/j. (/>/ in (-'and T' ; and draw the diameters PV, 
I’' I” parallel to tlie axis. 

Also, tlironpjh 0 draw (?/)’ parallel to PV; and through P 
draw i? ir parallel to f ' 

Now, since is divided e(iually in Laud unequally in 0, 
() 0 . Oq ^ Qr‘ - 0 r, {Euclid, Tl. 5) 

= Q p - n w\ 

= i'SP.PV- ASP. PW, {Prop. XV.) 
^ASP. BO. 

So Q'O . Oq' = A8P' .BO. 

' Hence QO. Oq : Q'O. Oq' :: ASF: ASP. 

c 2* 
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By Euclid, II. the same may be proved to be true if the 
point 0 be without the parabola. 


Pjjop. XVIII. 

external jmint 0 a pair of tangents 0 0 
0 6 be drawn to the parabola, and the chord Q g be joined’ 
the ai-ea of tie figure bounded hy QQ and the curve is 
two-thirds of the triangle QOg. 



since 0£ = RQ, 

the triangle OPR = \ the triangle OPQ, 

= i the triangle VPQ. a 
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So the triangle OPR* = ^ the triangle VPQf^ 

* /. the triangle ORE = J the triangle PQ Q\ 

Again, if through R and E we draw the diameters Rp^ 
Ep ; and at the points p and jp' draw the tangents r*p'rl, 
we can pro\(i in the same manner as before that 

the triangle Rrr, = J the triangle QpP, 

and the triangle Err] — \ the triangle Q[p P. 

Continuing in this manner to form new triangles by 
drawing diameters at the points r, r^, and r', V/, and tangents 
at tlie points where these diameters meet the curve, we can 
prove that the exterior triangles formed by the tangents are 
the halves of the interior triangles formed by joining the 
}joints of contact with the extremities of the chords. 

And the same will hold however the number of the triangles 
be increased. 

Hence the sum of all the exterior triangles will be equal 
to half the sum of all the interior triangles. 

Now when the number of the triangles is increased in- 
definitely, the sum of the exterior triangles will represent the 
exterior figure O QPQ', and the sum of the interior triangles 
the area of the interior figure QPQ. Hence 

the area of the figure 0 QPQ — \ the area of the figure QPQ, 

area of the figure 0 QPQ = J the area of triangle Q O Q, 

.*. area of the figure QPQ = % the area of triangle Q 0 Q. 

21. Def. If with a point 0 on the normal at P as centre 
and OP as radius, a circle be described touching the parabola 
at P and cutting it in Q\ then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. {See fig. Prop. XIX.) 
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Prop. XIX. 

The chord of tlui circle of curvature, at a point P of a 
parabola, drawn parallel to the axis = 4 8P. 

•Let PTbe the tangent, and PG the normal at the point P. 

With centre G and radius OP describe a circle cutting the 
parabola in the point Q, 

Drav^ 11 QX parallel to the axis meeting the circle in A' 
and the tangent at P in P. 

Also draw Q V parallel to PP, and PTF parallel to tin* 
axis ; then 

since 11 P touches the circle at 1\ 

P Q , IIX = PE\ {Euclid, 111. e‘16. ) 
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But PIl’^ ^ Qr^ = 4 8F. PK {Prop^ XV.) 

.-. EQ.RX=4.8P. PV. 

But RQ PV, 

RX=4:SP 

Now when the circle becomes the circle of curvatmv at ]\ 
the points R and Q move up to and coincide with P, and tlie 
lilies RX and /^TF become equal. 

Hence the chord of the circle of curvature parallel to the 
axis=:4>VP. 

Cor. 1. If 7^f7be. the diameter of the circle of curvature, 
and PF chord through the focus; then 

since the angle = 1 he angle W P U, {Proii. VIII.) 

... PF== PW=4^8P. 

Cor. 2. It' 8Yh(i drawn at right angles to then 
the triangle PFU 'ia similar to SYP, 

PU : PF V. SP : SY, 

OY PU : 4:8 P :: 8P : 8)\ 


Prop. XX. 

If QVQ' be any ordinate to the diameter P 1, the circle 
described through the three points P, Q, Q' will iutersci‘l the* 
parabola in a fourth point, which depends only upon tin*- 
position of P. 

Draw the ordinate PiV, and produce it to meet the parabola 
in P' ; then, 

since the subtangent — 2 . AN. {Prop. VII.) 

The tangents at P and P' will meet the axis in the same- 
point T, 

Draw PR parallel to TF, meeting the parabola in R, and 
QQ' in 0; then 

PO . OR: QO . OQ' :: 8P ' : 8P. {Prop. XVJI) 
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But 8P^ ST ^ SF\ [Prop. VIL) 

PO, OR= QO. OQ\ 

Hence by the converse of Euclid III. P rop. 22, the point R 
IS on the circle which passes through P, Q, Q’- 

Cor. 1. Since TP and TP' are equally inclined to the axis, 
the lines QQ\ PR, which are parallel respectively to PPand 
TP\ are also equally inclined to the axis. 

Cor. 2. When the point V is brought indefinitely near to 
P, QQ' coincides with the tangent to the 'parabola at P, tod 
becomes also a tangent to the circle at P, since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at the point P. 

Hence if PR be drawn parallel to the tangent at P, or be 
equally inclined to the axis withPP, it will meet the parabola 
in the point where the circle of curvature at P intersects the 
parab^ . . 


PROBLEMS ON THE PARABOLA. 


1. The diameter of the circle described about the triangle 
BA G is equal to 6 A S. {See fig. Prop. III.) 

2. If from the point O, be drawn at right angles to 
SP^ tlicn PK — 2 AS. {See fig. Prop. VIL) 

• 

' 3. if the triangle SPG is equilateral, then SP h equal to 
the latus rectum. {Sue fig. Prop. VII.) 

4. PQ is a common tangent to a parabola and the circle 
described on the ktus rectum as diameter; prove tliat SP ^ 
and S Q make equal angles with the latus rectum. 

/). Prove that PY . PZ^ SP\ and that PP. YZ== AS. 
SP. {See fig Prop. VI 1.) 

6. If PL be drawn at right angles io AP, meeting the » 
axis in L, and PA^be the ordinate of P, then NL A A S. 

7. Hic tangent at any point P of a parabola meets the 
directrix and latus rectum produced in points equally distant ’ 
from the focus. 

8. Prove that = PF, and that TP . TY T8 . TN. 
[See fig. Prop. Vll.) 

9. If a circle be described about the triangle 8PN, the 
tangent to it from A = \PN. {See fig. Prop. VIL) 

‘ 10. If the ordinate of a point P bisect the subnormal of 
P\ the ordinate of P is equal to the normal of P: 

11. If from finy point on the tangent to a parabola a line 
be drawn touching the parabola, the angle between this line ^ 
and the line to the focus from the same point is constant. 
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1^. A circle a/id parabola have the same vertex and axis. 
BA' C is the double ordinate of the parabola which touches 
the circle at A', the extremity of the diameter through the 
vertex A. is any other ordinate of the parabola parallel 

to this, mecling the axis in and A B produced in B ; 
prove that the rectangle Jil\ JIP' is pro])ortional to the 
square of the tangent drawn from N to tlie circle. 

Kd, Draw a parabola to touch a given circle at a given 
point, and sucli that its axis may touch the same circle in 
another given point. 

14. If froni*ihc ])oint ol‘ contact of a tangent to a parabola 
a chord be drawn, and another line be dra /n parallel to the 
axis meeting the chord, tangent, and cirve. this line will be 
divided by them in the same ratio as it divides the chord. 

15. If the diameter meet the directrix in and the 
chord drawn through the focus parallel to the tangent at P in 
1^,* prove that PV PO, 

1 6. Prove tliat the locus of the intersection of a diameter 
P V with th(i clioi’d drawn through the foeus parallel to the 
tangent at P is a parabola. 

' 17. If a circle and paraboh' have a coniinoii tangent at l\ 
and intersect in Q and ; and Q \\ Ull be drawn parallel 
to the axis of the ])arabola meeting the circle in V and I' 
respectively, then ( V/is parallel to the tangent at P, 

18. AB and AC are two lines at right angles to each 
other. From a fixed point C on AC, Cli is drawn parallel 
to AB, On AB, produced if necessary, /Ms taken such that 
the perpendicular PN upon A B is equal to CB, Prove that 
the curve traced out by Pis a parabola. 

19. If from a point P of a circle PC be drawm to the 
centre; and R be the middle point of the chord PQ drawn 
parallel to a fixed diameter A GB, tlien the curve traced out 
by the intersection of CP and A P is a parabola. 

. 20. If two equal tangents OQ, OQ be cut by a third 
tangent, their alternate segments are equal. 
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21. is tlie centre of the circle described about the triar^Le 
0 Q Q’. Prove that the circle described about the triangle 
QEQ' will pass througli the focus. {Seef(j. Frop. XTll.) 

22. FSp is any focal chord of a parabola. Prove that 
Ap will meet the latus rectum in two points (>, q, whose 
distances from tlie focus are ecjual to the ordinates of p 
and l\ 

2*h PSp is a focal chord of a parabola, llDr the directrix 
meeting the axis in /> ; aid () any point on the curve. Prove 
tliat if Q I\ Qp he ]>ro(luced to meet the directrix in 11^ r, half 
the latus rectum js a mean proportional bet wee fi J)R, Dr. 

21. L* and i) (J are two tangents to a parabola. On' Q () 
priduc^'d. (H/ is taken e(pial to (^Q; prove that OS . PQ' — 

or. OV- 

25. ll‘ 0/> b(?. drawn at riglit angles to the diameter PI", 

thQii ir = 4A s . PV. 

2(). Tf through any point (> on the axis of a parabola a 
cliord P0(2 be drawn, and PJ/, (JiAi he the ordinates of the 
points /\aiid V. prove ^hal A M . /I = A 0\ 

27. If ^iPand A(2 he drawn at right angles to each other 
from th(' vertex of a ])arabola, and PM, QN\>^ tlie ordinates 
of P and j)rove that the latus rectum is a mean proportional 
hetween I M and ^ 1 N, 

28. OA Pis tiic sector of a circle whose centre is O. If 

the radius (>.<1 remain fixed while the angle changes' 

the centre of the circle inscribed in the sector, A OP will trace 
out a parabola. ’ ’ 

29. Q S (/ is a focal chord parallel to AP; PN, QM, 
Q M' arc the ordinates of P, Q, and Q * Prove that NJi" 
= AM . AN and tliat 3IM' = AP 

30. PQ, PQ are drawn from any point P cutting the 
ordinates Q V\ Q V in R’ and R, prove that VR is to V It ^ 
in the triplicate ratio of QV to Q V\ 
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31. On a chok'd of a parabola as diameter a circle is described 
cutting the parabola again in two points. If these points be 
joined, the portion of the axis between the two chords is equal 
to the latus rectum. 

32. If 0 Q, 0 Q be a pair of tangents to a parabola, and 
the chord QQ n normal to the curve at (>, then 0 Q is 
bisected by the directrix. 

33. Two equal parabolas having the same focus and their 
axes in contrary directions intersect at right angles. 

34. The radius of curvature at the extremity of the latu? 
rectum is equal to twice the normal. 

35. If from any point P of a parabola PF and FH be 
drawn making equal angles with the normal PG\, then >7/’= 
8F. SIl 

36. .If a triangle be inscribed in a parabola, the poi its when 
the sides produced meet the tangents at the opposite angles 
are in the same straight line. 

37. If the tangents OQ, OQ be cut by a third tangent in 
JS, prove that 

OR : RQ :: EQ : OE, 

38. If from the vertex of a parabola chords bo drawn at 
right angles to one another, and on them a rectangle be 
described, the curve traced out by the further angle is a 
parabola. 

39. Prove that 2PY is a mean proportional between AP 
and the chord of the circle of curvature at the point P of the 
parabola drawn through the vertex A, {See jig. Prop. VII.) 

40. If a circle described upon the chord of a parabola as 
diameter meet the directrix it also touches it, and all chords 
for which this is possible intersect in a point. 

41. If a parabola roll upon another equal parabola, the 
vertices originally coinciding, the focus traces out the 
directrix. 

42. The circle of curvature at the extremity of the latus 
rectum intersects the parabola on the diameter of curvature 
passing through the point of contact. 



CHAPTEK IT. 

THE ELLIPSE. 


22. Def. The Ellipse is the curve traced out by a point 
wliicli moves in such a manner that its distance from a p^iven 
iiAi*'] ])oinL continually bears the same ratio, less iha^i unity ^ 
to its distance from a given fixed line. (See Introduction.) 

P Prop. I. 

The focus and dbcctrix of an ellipse being given, to find 
any numl)cr of points on the curve. 

Let Sb' the focus and M.X the directrix. 

T)»*aw SA" at right angles to tlie directrix, and divide BX 
in the point yl, so that BA may be to AX in the given fixed 
ratio loss than unity ; then 

A is a point on the curve. 

On 2"B produced take a point A sucli that 
BA' : A'X :: BA : AX; 

then A' will also be a point on the curve. 

On the directrix take a?iy point Jf; and through Jf and B 
draw the line MYBY', meeting A Y and A' Y', drawn at 
right angles to AA', in the points Y and Y\ 

On YY' as diameter describe a circle, and draw MPP' 
parallel to A A'^ cutting the circle in the points P and P ' ; 

P and P' will be points (yi the ellipse. 
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.loin FY, PY', SP; then since 

8Y : Y]\r :: S A : AX, {Euclid, VI. 2) 
and ST : Y'M :: SA' : A' X, {Euclid, VI. 2) 
8Y : YM :: SY' ; Y'M; 
or, alternately, 

SY : SY' :: YAf : Y’M, 
and the angle YP Y' in a semicircle is a right angle, 

PY bisects the angle SPAT,* 

. SP : PAT SY: YAI, 

:: AM : AX. 

So we may show that 

SP' : P'AT :: SY : YAI, 

:: SA : AX, 

P and P' are points on the curve. 

* For, if not, make the angle YPs equal to YPM \ then 
tiY : YM T. sP : PM. {Euclid, VI. 3.) 

And since, if P F bisect sPM, P^Y', being at right angles to P Y, also bisect? 
the angle nPibT', 

sY' : Y'M «P : PM, {Euclid, VI. A.) 

JlencesF : YM :: sY' : 'Y^M, 

^ orsF : sY' :: YM : T'M, 

the pf‘ints) S and s coincide. 
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In the same way, by taking other points on the directrix, 
we may obtain as many more points on tJie curve as we 
plcas^. 

Cou. 1. Since, corrcs]>onding to every point P on the curve, 
there is a point /^'situated in precisely the same manner with 
respect to .1' F' as P is with respect to A Y, it is clear that 
if we make A' kS' e(pial to AS, and A' X' equal to AX, and 
draw X' i)/' at right angles to A X\ the ciuwc could be equally 
well described with 8' as focus and MX as directrix. 

The ellipse is therefore symmetrical, not only with respect 
to the line AA\ but also with respect to tlic line OC drawn 
through the middle point of YY' at right angles to and 
bisecting A A. 

Con. 2. The line OP will bisect the angle SFS\ 

Let OP meet 88' in O. Produce ./¥P to meet X' M' in 
J/', and draw. Oil/' passing through the focus S' ; then 

' 8P : PM :: 8P : PM', 

or, alternately, 8P : ^P : : PM : PM\ (]) 

Again, .S7; : PJ/ :: S' G : PM', 

or, alternately, SG : S' G :: TM : PM\ (2) 

from (1) and (2) 

SP : S'P :: SG : S' G, 

/. PG bisects the angle SPS . {Euclid, VF. 8.) 

It will bft shown hereafter {Prop. XT.) that the normal 
to the ellipse at the point P also bisects the angle S PS'. 
Hence the ellipse and circle have the same tangent at the 
point P. 

The ellipse will consequently touch all the infinite series 
of circles which can be described in the same manner as the 
one in the figure by tailing different points on the directrix. 
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f Pkop. II. • - ■ , . • ' 

23. If G be the middle point of AA', then GA is a mean 
proportional between C6'and GX, 

or GS . GX = GA\ {Heefig. Prop. III.) 

Since *S'.4' : A' X :: SA : AX. 

Alternately A' A' : 8 A :: A'X : AX, 

.-. 8A'+8A : 8A :: A'X+AX : AX; 
^orAA' : 8 A :: XX' : AX, 

.-. A A' : XX’ :: 8A : AX. 
or GA : GX 8A ■ A X. (1)* 

Again, 8 A' : 8 A :: A'X : AX, 

8 A' - 8 A. : 8 A :: A’X- AX : AX; 
or 88’ : 8 A :: A A’ : AX. 

Alternately 88' : A A' 8 A : AX; 

or G8 : GA /iA : AX. (2) 

Henee from (1) and (2) 

GA : GX :: C8 : GA, 

GA^= GX. G8; 

or GA is a mean proportional between G8 and SX. 

Cob. Since the three lines G8, GA, GX are pronortional. 
therefore, by the definition of duplicate ratio and Euclid, 
VI. 20 Gor. 

GM : GX:-. G8‘ : GA\ (3) 

Prop. III. 

24. If P be any point on the ellipse, then 

8P+ 8’P=^AA’. 

* N.B. The, results (1), (2), (3), should be remembered, as they will 
frequently be referred to. 
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Siiicv : PM :: HJ : yL\\ . 

idul J : AX :: .1 J' : XX', {JP>p. H.) 

. . >VP : lAf :: J J' : XX, 

So S'P : IW' :: JA' : XX', 

. SP-\- S'P : PM + PM' :: JA' : XX\ 
i^>ut PM -I- PM' = MM - A X', 

H'P=AA'. 

1. r*y iix aiis of tlnV ]m)porty tlie clll])se may be prac- 
tically cli’>cribctl aid tlu' iorm of llic curve (Ictermincd. 

Let a .^triua’, ctpial in liupu’lh to Li A', liave its cmls fastened 
U) iwo points >S and H' ; and let it lie ke])t strclclied by 
me;,! A ot the ])oint oi' a ])eucil at J*; tbcii since SP + S'J* 
will l)c alvru}s e([Lial U> A^t', the poijit .P will trace out th% 
(Hipsc. 

td'.m Tlu*. line ^1^1' is llu*. longest lijic that can be drawn 
in (he (‘lli]*'-e. 

K«»r, if any other line PQ be drawn, then 

aSTX > PQ, 
and aV7U aS'7,> > PQ, 

SP-^ H'P+ HQ+ S'Q > 2PQ, 
or A A' > PQ. 

2r>. Def. If BCB' be drawn at .right anglers to A CA\ 
meeting the elli])Se in P> and B' , it will be semi further on 
(Prop. XIIT. Cor, 2) that BOB' is the shortest chord that 
can be drawn through the ceniro of the ellijisc. {See Jig. 
Prop, IV.) 


D 
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A A' is called the Major Axin and BB' tlic Minor Axis of 
tlie ellipse. 

In most geometrical treatises the ellipse is defined as the 
curve traced out by a point which moves in such a manner 
that the sum of its distances from two fixed points is always 
the same ; but it appears that the properties of the curve are 
more clearly exhibited by defining it in a manner analogous 
to the parabola, and deducing imniediaUdy from that definition 
the property in question. 

Having now shown that one definition necessarily includes 
the other, we are at liberty in our future investigations to 
make use of wliichever property is most convenient. 

Pkop. IV. 

26. Tf liO be the semi-minor axis of tlie ellipse, then 
RC^=-CA^- CaS'-^; 
and if SL be the semi-Iatus rectum, 

SL . AC= 



Join SB, S' B-, then 

since SB+ S'B^ AA', {Prop. III.) 
and that SB — S' B, 

SB^AC. 

V,vX B<r- = SB^ - CS\ 
BC*^GA^- CS\ 
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Again, SL : BX :: BA AX, 

CB : CA, (Prep. II.) 

. SL .AC =08. BX, 

= CS. ex - CB\ (Euclid, II. 3) 

= CA^ - GB\ (Prop. II.) 

= BC\ ■ 

A Prop. V. 

' 27. 'riie sum of tlie distances of any point from tlie foci 
of an ellipse will Le les.s or greater than yi yi ' according as 
the point is inside or outside the ellipse. * 



(1.) Let Q be a jjoiut inside the ellipse. 

Join BQ, S'C] and produce BQ to meet the ellipse in P; 
join B'P; then 

since B'P+ QPy S'Q, 

.-. B'P+ 8P^ 8'Q+ BQ. 

But 8P+ SP= A A', (Prop. III.) 

.-. SQ + S'QCAA'. 

(_2.) Let Q be a point outside the ellipse. 

Join 8 Q, S' Q, and let 8 Q meet the ellipse in the point 
join S'P‘, then 

since 8' Q + QPy S' P, 

.-. 8Q + 8Qy 8P+ B'P, 

But 8P+8'P = A a:, (Prop. III.) 

8Q + 8'Q':> AA'. 

D 2, 
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Cor. Conversely, a point will be inside or outside tlie 
ellipse accordinp; as the sum of its distances from the foci is 
less or greater than A A\ 

28. Dkp. If a point 7*' be talvcn on the ellipse near to I, 
{seefij. Prop. VI.) and PP' be joined, the line PP' produced, 
in the limiting position which it assumes when P' is made to 
approacli indefinitely near to P, is called the Tangent to the 
ellipse at th<'. point P. 

Prop. VI. 

If the tangCT?t to the ellipse at any point P intersect tJie 
directrix in the point and if ^ be tlie focus corres])onding 
to the directrix on which Z is situated, thei^ HZ will be at 
riglit angles to HP. 

Z’ 



Let P' be a point on the ellipse near to P. 

Draw the chord PPy and produce it -to meet the directrix 
in Z; join HZ. 

Draw Pd/, P'M* at riglit angles to the directrix, and join 
HP, HP. 
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Profluce to moot tho ellipse in tlie point Q; then since 
the triangles ZMP, ZM’P* are similar, 

Zr : ZF :: MP: iM P\ 

:: SP : HP\ 

Insects the angle P VI. Pto^k A.j 

Now wh(‘n P' is iiulefinit(‘ly near to P, aiul PJ/ becomes 
I lie tangent atN;lie ]>oiiit Py the angle PSF becomes indefi- 
nitely small, while the angle OSP' approaches two right 
aimles; ind therefore the angle ZSP\ being half of th.e 
ai!gl(‘> becomes nltimatelj a right aiig;lca 

IIene<‘- when 7 becomes th(> tangent at th(i point P^ 
th(‘. angle Z HP is a right angle, 
cn* HZ\'!^ ]>crpendicular 

(hot. 1. (>(»nvers(!ly, if HZ be drawn at right angles to HP 
meeting lla^ dlr -ctrix in Z^ 'awAPZ be joined, PZ will be the 
tim gent at P. 

Uon. 2. If //'Ik* prodn<‘cd to ini'ct tlic other directrix on 
point Z\ and S' Z' be joined, tlum 

S' Z’ is at right angles to H' P, 

(^on. 3. 'J’lie tangents at tlie extremities of the hiliis rectum 
or donide ordinate ihrongh tlic focus meet the axis produced 
in the point 


PlinV, \11. 

Tlu. tavigent to tlie ellipse at any point P makes equal 
angles with the focal distances /S7^iiid H' P, 

l^et the tangent at /''meet the directrices in Z and Z’, 

I-)raw il/ PPP at right angles to the directrices, meeting 
them in d/aiid M' respectively ; join SZ, S' Z' ; then 

SP : PM :: SF : PJP ; 
and since the triangles MPZ^ M* PZ\ are similar, 

PM : PZ V, PM : PZ\ 

• \ SP : PZ HP: 3Z\ {Ex (xqualL) 
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^ow ill the triangles HPZ, S' PZ\ because tlic sides about 
tlie angles HPZ, S'PZ' are ])roportional, ancl the angles 7^ 
PS^ Z' are equal, being right angles, and tlie angk^s SZ l\ 
S’ Z' P each less than a right angle, 

the triangles SPZ ixml S'PZ' are similar, {Euclid, VI. 7) 
.’..the angle SPZ — the angle S' PZ\ 

(JoK. If S' Phv produced to W ; then 

the angle SPZ — the angle WPZ, 


f Jhtop. VIIL 

The tangents at the extremities of a focal chord intersect 
in the directrix. 

Let PS be a focal chord, and let the tangent at P meet 
the directrix 'in Z, 

ioin SZ\ then ' 
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tlie angle ZSP'm a riglit angle, {Prop. VI.) 
and aLso the angle ZSQis & right angle, 

ZQ is the tangent at Q) {Prop. VI. Cor. 1) 
or tlio tangents at the extremities of a foeal chord intersect in 
tlie directrix. 

Pnop. IX. 

:19. If tin' tangent at 7' meet the axis major produced in T, 
and PN be. tlie ordinate of the point P, tlien • 

t'y . (7V- = CA\ 



Draw PI PM' ]):iraliel to the axis major meeting the direc- 
trices in jlf and Si' ; and produce AS''7-*to Tl'"; then, since. PT 
bisects the. angle /S'PIT, . {Prop. Vll. Cor.) 

.-. S'T : 8T :: 8' P : SP, {Euclid, VI. A.) 

:: PM' : PM, 

:: XA : XE, 

• 8'T-i ST : S'T- ST X'N+ XX : X'N- A'A; 

or 2 CT : 2 CS :: 2 CX : 2 CN, 
or CT : CS :: CX : CN, 
CT.CN=CS.CX, . 

= ,CA*. {Prop.W.) 
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Pjiop, X. 

If on the major axis of an ellipse as diameter a cnrcle 
be described and a conn non, ordinate NFQ be drawn mcctini:;: 
th(3 ellipse in P and the cireJc in then tlie tani^cnts to th(' 
ellipse and circle r(‘Spcctively at the ])oiiits P and Q will ineei 
tlie major axis ])rodiiccd in the same point. ) 



Let the tangent to the ellipse at P iiiect the major axi ^ 
]>roduccd in 7’; join (Uj, <JT\ then, ])y tlu* last P.upodlic.n, 

(Vi\ (!x= c(/\ 

the angle PQTk aright angle. 

And therefore 7^ is th(‘. tangent to tlie ekcle at (); 
tangents at P and Q meet the major axisrptolnieexl in tin* 
same point T, 

Idle circle described on AjI as diameter is e.aP'.;d liie 
Auxiliary Cirde on account of the inijxntant •‘id tiiat it 
aflbrds in investigating tlic properties of the ellipse. 

l^0. l)nF. The line PG, drawn at right angles to the langent 
7^1] is called the Normal to the ellipse at the point P, 


then 


Pkop. XI. 

the normal at P meet the major axis in the point G ; 


so : SP :: CS ; GA.^ 
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;>i )>('('. is nt riu’lu Jingb's io T i't, 

.. {■■( /^7' = tlic (rPt. 

l>!ii ilic t!ic angle [Pnqi. Vll.j 

.* t]u-‘ rniglr. SPG — tlie angle S’ P(r, 


or P(/ ljls(‘ets llu* 

aiiglc 

SPS', 


>'v7 : S'(/ :: 

SP : S' P. 

{iXrlid, 

vr. 

. A7/ : >S7/h- 

.so; :: 

SP 

SP + 

S’P; 

or SG : 

SS' 

SP 

.1.1'; 


) ' r {r 1 

SP :: 

SS' 

J J' ; 


(‘1 S(f : 

SP ;; 

(’S 

G.l. 


.‘III*'/ jJf'O, 





: 

S'P :: 

(’S 

: rj. 



Pkoc. XII. 

r. 

tl] ^ t}'<‘ iioriiial at 7^ meet the major axis in G, and PN 
llic .i| the point 7'^, then (•we,/?//. Prop, XI.) 

X(l : N<'. ;: lUr : J (V.) 

Uriv'.v MPM' ])avall(‘l to tlic aNis iiici'tiiig tlic ilirccti-iccs in - 
7 and J/' ; join f>I\ H'P; tiii'ii, since P (J l)iheets tlie anj;le 
PPS', (Projj. XL) 

S'G : SG :: ST ; 8P, 

:: PM' ; PM, 

:: X'N : XN, 

S' G~ SG : S’ G + SG :: X'N- XN : ,X’N+XN: 

or ‘2CG : SS’ :: "iGN : XX'. 
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COXIC SIXTJONS. 


Altornately, 2(7(7 ; 2 CiV :: SS' : A' A"; 

m CG : ON CH 0-A, 

:: CS^ ; CA\ {PropAl. Cor., 
CA-OG : CN :: CA^ - CS'^ : GA^- 
or NG : CN B(T- : A C\ 


Pkop. XllJ. 

V (.2. If PN bo tlio ordinate of any point 1^ on tlie ej]i})><(‘ ; 
then 

: AN . A'N :: : A 



Produce NP to meet tlui aiixiliarv circle in tbc ]K)int (,>, 
and draw the taiip:eTit« QT inecfine; the major axis pro- 
duced in the point 1\ [Prop. X.) 

Join C Q, and let the normal at P meet tlic cl]i})se in G \ 
then, by the last Proposition, 

NG : CN :: PC/ : AC\ 

And rectangles of tlic same altitude arc to anotlier as tlieir 
bases, 

TN. NG : TN. CN :: BC'^ : AC/\ 
or PN^ : QN^ :: BG—, A C\ [Euclid, VL 8, Cor.) 

But QN=^AN. A'N 

since the angle A QyV in a semicircle is a right angle, 

/. PN^ : AN. AN :: BG'^ : A G\ 

Con. 1. Also PN : QN :: BG : A G. 

Phis result is tlie basis of many of the future Propositions 
of the ellipse. 
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Con. 2. Since IW : :: Ba^ : A (J\ 

. PiV“ ; GN'^ :: BC‘^ : A G\ 

PN'‘ : A G‘ - GN'‘ - PN'‘ ;; BG^ : A G‘ - BG‘, 

or BN‘^ : A G'‘ - GF^ r. B(f : A G^ - BG\ 

Now PN'^ is always less tliaii B C‘\ 

CP^ is always greater than B (T\ 

7>V/ is the shortest line that can be drawn to the ellipse 
from the centre. 

rl 1>R(U>. XIV. 

‘/if the tangent at any point J* of an ellipse meet the 
ini^ior axis r7> producexl in t, and b(i drawn at right 
a ingles to (J B ; then 

Gt.Gn = Ji(P) 



l>raw the eonmion ordinate NPiJ to the ellipse and the 
auxiliary circle ; and let tiie tangents at P and Q to tlic 
ellipse and circle respectively meet tlie major axis prodiuted 
in T (Prop^ X.) and the minor axis produced in t and U. 

Join CQ meeting Pn in then since Pll is parallel 
to ON, 


Clt : PN : QN, 

:: BG i dC. {Prop, XIII Cor. 1.) 
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Bnt CQ = AC, 

■ ■ '•** Cn = BC. tl) 

Again, joining Rt, 

(U : CU \\ PN : QX ^ 

:: Cn : CQ, 

Ilf i'^ ])arnllt‘l to (^) TJ^ 

CUt is a right angle, 

Ct . Cn = Cir\ {Endiil, VI. S, Cor) 

But (R=^ n(\ (1) 

Ct. Cn = BC\ 

Hiis ])ro])osition also admits of a diMnonstiatlDi) shiiilar to 
that given for the corresponding ])ro|)('rty oi‘ iIk' li \ ])('il)ola. 

Pkop. XV. 

If from tlie foci /S^and EY and aS"F' ar(‘ drawn at 
j right angles to tlie tangent at 1\ then Y and V ar(‘ on the 
I eirciuiiferenee of tlie auxiliary circle, and 
• BY . S' r = 


ir — y' 
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Join SP, S'P, and produce SV and S' P to meet in W; 
and join C Y ; tlien 

since the angle JSPY = tlie angle WPY^ [Prop. V^ll. Cor,) 
and the angle HYP — the angle WYP^ 
and the side PFis common to the triangles SPY^ I ["PI", 
the triangle SP) = the triangle TF7^1"in all respects, 

sp=pn\ 

... S' P= S'W., 

Ihit SP -f S' P - A A\ {Prop. 4TI.) 

S'lr^ ylA'. 

Again *.• SC==: S' C and SY= TTF, 

SC : S'C :: SY : FTF, 

CYi^ parallel to S' TV, 

CY : S'W :: ('S : SS', 

CY= t^/r=: CA. 

So CA, 

Y and 3 ' are points on the auxiliary circle. 

j^ext let YS he produced to meet the auxiliary circle in 
if, and join >^3"" ; then 

since the angle XYY' is a right angle, 

ZY' passes tlirongh the centre C, 
the angle SCZ — the angle S' (JY, 

SZ= S’Y\ 

SY. S'Y' = SY. SZ, 

= AS. A'S, [Euclid, 111. 35) 

= CA^ - CS\ [Euclid, 11. 5) 

= BC\ {Prop. IV.) 

Cor. Jf CP he drawn parallel to the tangent atP, meeting 
S'P in E ; then 
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since the figure OYPEib a parallelogram, 

PE=. cr=jc: 



With centre S' and radius equal to J A' describe a circle. 

Join OS, OS'; and let S' 0 or S' 0 produced meet the 
circle in the point /. 

Now, if 0 be a point outside the circle MIM', it is evident 
that OS is greater than OT; and if 0 be inside the circle, 

since 0 8 -h OS' y A A' or S' I, {Prop. V.) 

r.OSyOL 

With centre 0 and radios OS describe another circle 
cutting the former in the points M and M\ which it will 
always do since OS' is greater than 01. 
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Join 8' S' M\ meeting the ellipse in the points P and 
Join OP^ OP ; these will be the tangents required. 
Join SP, SP'; then since 

SF+ S'P=AA'= S'M, 

SP=PM. 

And ■/ SP, PO — MP, PO each to each, 
and OS= OM, 

.10 angle OPS = the angle 0 PM, 

is the Ian gent at P. {Prop, VII. Cor,) 

8o OP is tli(‘ tangent at P\ • 


Titor. XVll. 

if from a point 0 a ])air of tangents OP, OP' be drawn 
tohin ellipse, tlien OP and OP' will subtend equal angles at 
oil her focus. ) 

Join SP, S'P\ SP, S' P' ; and produce S'P, S'P' to M 
and making PM equal to SP, and PM' equal to SP/ 

Join OM, ihP] OS, OS'. 

'fiieu since OP, PS — OP, PM, each to each, 
and the angle OPS - the angle 0PM, {Prop, VII. Cor.) 
O'S^ OM, 

and the angle O SP — the angle OMP. 

Ho 0/S= OW, 

and the angle 0 SP' = the angle OM' P\ 

,\ 0M= 0M\ 

Again, ••• S'M^ S'P + SP^AA', 
and ;8"JIP = S'P' + SP' = AA\ 
S'M^8'M\ 

And OS', S'M=^ OS', 8'M', each to each, 
and Oilf- OM', 

the angle 0 = the angle OS'M', 

and the angle OMS' = the angle OM' S'. 
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But the angle QMS' = the angle ()SI\ 
and the angle OM' 8' = the angle 08F\ 
tlje angle OSF= the angle OSF', 

07^ and OF' subtend equal angles at cither focus. 


Puop. XVIII 




(35. If from an external point 0 a pair of tangents OQj 
0 V* drawn to an ellipse, and CO he joined meeting the, 
chord Q Q' in P, and the elli])se in F; then 

(1.) QQ^ wiil he bisected in V. 

(2.) The tangent at Pwill l)e parallel to 0 Q'. 

(fh) CF will he a mean proportional hetwee^* I ' and CO.^ 



d' Y' . 


.A 



J' 


Produce OQ. OQ' to meet the major axis produced in T 
and r. 

% 

Draw the ordinate NQ,N'Q\m.ii produce them to nicet 
the circle in q and q. 
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Then Tq and T'q' will be tangents to the auxiliary circle. 
{Prop. X.) 

Let Tq and Tq be produced to meet in o; join Co meeting 
the chord qq in v, and the circle in^. 

Now, since the corresponding ordinates of the ellipse and 
auxiliary circle are in the constant ratio of BG io AG, the 
three lines ol, pm, V7i drawn at right angles to A A' will pass 
through the points 0, F, V respectively. 

For, according as 0 is the point where o I meets TQ ov 
TQ' we shall have 

W : lo :: NQ : Nq, 

:: BG : AG\ 

or ZO : Zo :: W Q' : W q; , 

:: BG : AC, 
is perpendicular to A A'. 

So Bp and Vv are perpendicular to AA' , 

Oo, Bp, Vv are parallel. 

Jiviice (1.) Qf : VQ' *• : qv : vq'. 

But qi^ — vq from the circle, 

QV^VQ'; 

or QQ' bisected in F. 

(2.) Since NQ : Nq :: N'Q'^: N'q' 

it is evident that QQ' and qq' will meet the axis produced in 
the same point 

Also tlie tangents to the ellipse and circle at B and p 
lespectivcl} will meet the axis in the same point. 

Novr in ^he circle the tangent at^> is manifestly parallel to 

and NQ : Nq :: mP : inp, 
the tangent at Pis parallel to QQ\ 

(3.) If Cq be joined, since the angle Cqo is di right angle, 
and Go is perpendicular to qq\ ' 

Cv : Cq :: Cq : Co, {Euclid, VI. 8 Cor.) 
or, since Cq = Cp, 

Gv : Cp :i Cp : Co, 
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But Cv : Gp :: CV : CP, 
and Cp : Co :: CP: GO, 

CV: CP:: CP: CO, 

/. GO . CV= GP\ 

Cor. From this it is manifest that if any number of chords 
be drawn parallel to each other in an ellipse, their middle 
points will all lie on the line drawn from the centre to the 
point where the tangent parallel to the chord meets the 
ellipse. 

Def. The line PCF drawn through the centre of an 
ellipse and meeting the curve in P and F, is called a Diameter, 

The diameter consequently bisects all chords parallel to 
the tangents at its extremities; and 'the tangents at tlie 
extremities of any chord will intersect the diameter corre- 
sponding to that chord in the same point. 

36. Def. If CD be drawn parallel to the tangent at P, 
then CD is said to be conjugate to CP, 


Prop. XIX. 


(in the ellipse if be conjugate to CP, then will be 
conjugate to CD,^ 



Draw the ordihates PN, DR, and produce them to meet 
the auxiliary circle in the points p, d. 

Join CP, Cp ; CD, Gd\ and draw the tangents TP, Tp ; 
TD, Td. 

Now, since CD is parallel to PT, 
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the triangle PNT is similar to the triangle DRC. 

TN : CR :: PN : DR, 

:: Np : Rd, (Prop, XIIL Cor.) 
Tp is parallel to Cd, 
the angle is a right angle, 

Cp is parallel to Td, 

r, the triangle joCiV' is similar to the triangle dT R, 

NO : RT :: Np : Rd, 

NP : RD, 

CP is parallel to i> T", 

CP is conjugate to CD. 

CoK. Since did and CNp are each similar to dRT\ 
{Euclid, \ 1. 8) 

the triangle CRd is similar to the triangle CNp, 
and the side Cd the side Cp, 
the triangle CRd = the triafigle CNp in all respects, 
CN = Jid,!mSi^B = Np. 

IJence DR : DR : Rd, 

BC : AC] 
also PN CR :: PN Np, 

:: BC : AC. 


' Peop. XX. 

(^7. If CP and CD be conjugate semi-diameters, and PN, 
dr be the ordinates of the points P and P; then 

(JL.) CN^+ CR^ = A(P. 

(2.) PN^ + PP* = BC\ 

(3.) CP“ + CP’ = ^ C* -1- PC’. , 

B 2 • ' ' 
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Produce JVP, RD to meet the auxiliary circle in the points 
p, d ; then 

- CN^Rd, (Prey;. XIX. Jer.) 
aN'‘ + CR‘ = Rd^ + 6'iP, 

= Cd\ 

= CA\ 

Again, PiV : Np :: BC : A(!, 

FN‘ : Np^ BC^ AO\ 

^0 BR‘‘ ■. BG'‘ A0\ 

BN‘ + DR‘ : + PP BCA : ; 

hut +y^ = 6'^“ + CN\ 

PN^ -t-D R^ = Br\ 
aud C’iV^ -t- CR = AV\ 

OR + CD'^== AR + BC\ 

38. Dkf. a line Q V drawn parallel to the tangent at P, 
and meeting GFiix F, is called au Ordhiate to the diameter 
CP.t 


Piiop. XXI. 


Q Fbe any ordinate to the diameter PUP\ and Gi> be 
conjugate to CP] then 

QV^ i PV.FV ii : GP\) 
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Draw the tangent TJQW meeting CF and CD produced 
in U and W ; and draw QF parallel to OF, meeting CD in F. 

Now, since CF : CD r. CD C W, (Drop. XVIII.) 

.-. CF^ : CD^ :: CF : C W, (Euclid, Yl. 20 Cor.) 
or (?F“ : CD^ :: UV : CV. 





<mco Cy^^VF :: CP: CV, (Prep. XVIII.) 

^U: CV:: CF^ : CV\ (Euclid, YJ. 20, Cor.) 
CU- CV : CU :: CF' - CV^ : CF\ 
or UV : CU :: FV . F'V : CF\ 

Hence QV^ : CD^ :: FV . F'V : CP^, 
or QJF : FV . F'V :: CD'^ : CP. 


0 


Prop. XXII. 


Q19. The area of any parallelogram formed by drawing 
tangents to an ellipse at the extremities of a pair of conjugate 



54 


CONIC SECTIONS. 


dig.meters is equal to the rectangle contained by the axes of 
the ellipse.^ 

PCF, BCD' be a pair of conjugate diameters, and 
let a parallelogram be formed by drawing tangents at the 
points P, F, D, D\ 



Let the tangent at Pmeet GA produced in T\ join D' 2\ 

Draw the ordinates PN, DB, D'B' ; then since PP is 
parallel to GD\ the parallelogram PD' is double the triangle 
GTD', and therefore equal to the rectangle contained by GT 
and D'B'. 

Now D'B' : GN :: BG : AG, {Prop. XIX. Gor.) 

GT. D'B' ; GT. GN :: BG : AG, {Euclid, VI. 1) 

:: BG . AG : AG\ {Euclid, Yl. 1.) ‘ 
Bnt GT. GN=ACP, 

.-. GT. D'B' = AG.BG, 
the parallelogram LL' = 4 the parallelogram PD', 
^AAG.BG, 

= AA'. BB'. 
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Cor. If PFht drawn at right angles to BCD' meeting 
CD' in F\ then 

PF , Cl)' = area of parallelogram PD\ 
^AC.BG. 


Prop. XXIII. 

^0. If CP and 77/> Se conjugate diameters, and PF be 
drawn at right angles CD Deeting CA in G, then 

PF PO^BCi) 


\B 



Draw the ordinate PN, and produce it to meet CD' in K. 

Also draw Pn at right angles to GP, and let the tangent 
at P meet CB produced in t. 

Now, since the angles at N and F are right angles, it i ^ 
evident that a circle may be described about the quadrilateral 
figure A^ATF^; 

PG . PF- PN, PK, {Euclid, III. 36 Cor) 

= Ct . Cn, 

^BC\ (Prcy^. XIV.) 



56 


CONIC SECTIONS. 


; Peop. XXIV. 

(41. If Pbe any point on the ellipse, and Cl) be conjugate 
to CP, then ^ 

8P. S'P= CD\ ) 


p 



PF is at right angles to CD', 

PF.CD = AC.BC, {Prop. XXII. Cor.) 
mA PF . PG = BCP BC . BC, {Prop. XXIII.) 

CD : PG :: AC -. BC. (1) 

Again, SP : 8G :: CA : 08, {Prop. XL) 

8'P : 8' G :: CA : C 8. {Prop. XL) 
Compounding 8P . 8’P : 8G . 8' G r. CA‘ : C'5^ 
8P. 8'P : 8P. 8'P- 8G . 8' G CA^ : CA^ - C8\ 
But 8P . 8'P- 8G . 8'G = PG\ {Euclid, VI. Prop. B) 
8P . 8'P : PG^ :: CA’' : BC\ ( . 

But from (1) CD’' : PG’' :: CA'' -. PC', 

8P. 8'P= CD\ 


may also be very easily deduced from 


This pr 
Prop. XV. 
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> ^ Piiop. XXV. ^ 

^^2. Tlie area of the ellipse is to the area of the auxiliary 
circle as BC io AC. ^ 



Ijtt PN and FN' be two ordinates of the ellipse near 
together. 

Produce JVP, N'P\ to meet the auxiliary circle in Q 
and Q\ 

Draw Pm^ Qn, perpendicular to Q’N'. 

Then 

the parallelogram PN' : the parallelogram QN’ \\ PN : QN, 

::BC:AG. 

And the same will be true for all the parallelograms that 
can be similarly described in the ellipse and auxiliary circle. 

Hence the sum of all the parallelograms inscribed in the 
ellipse is to the sum of all the parallelograms inscribed in the 
circle as BC to A C, 

And this holds however the number of parallelograms be 
increased. 

But when the number of parallelograms is increased, and 
the breadth of each diminished indelinitely, the sum of the 
parallelograms inscribed in the ellipse will be equal to the 
area of the ellipse, and the sum of those inscribed in the 
circle to the area of the circle. Hence 

the area of the ellipse : the area oj the circle : : BG ; A G. 
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43. Def. If with a point 0 on the normal at P as centre, 
and OP as radius, a circle be described touching the ellipse 
at P, and cutting it in Q\ then, when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. 


Prop. XXVI. ' 

f PII be the chord of the circle of curvature at the point 
P of an ellipse, which passes through the centre ; then 

PH.CP=2CT)\) 

Let PT loQ the tangent, and PQ the normal at the 
point P 




With centre 0, and radius OP, describe a circle cutting the 
ellipse in the point Q, 

Draw parallel to CP, meeting the circle in TT, and 
TP produced in P. ■ 
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Also draw QV parallel to jPH, meeting the diameter FF' 
in F; then since iiP touches the circle at F, 

BQ .BW== FIP, (Euclid, III. 36) 
oxFV.BW^ QV^. 

But QV‘ : PF.P'Ft: GD°‘ ; CP^, (Prop. XXL) 

.-. PF. RW : PF. P'F :: (7P“ : CF\ 
or BW : P'F :: CJF : CF\ 

Now, when the circle becomes the circle of curvature at 
P, the points B and Q move up to, and coinci(te with P, and 
the lines R W and FH become equal, while 

P'F becomes equal to PP', or 2CF. 

Hence, P// : 2(7P :: CD^ : CF\ 

.-. FH. OF ; 2GF‘ 2GD^ : 2GF\ 

FH. GF=2GD\ 


Prop. XXVII. 

nf FU ho the diameter of the circle of curvature at the 
point P of the ellipse, and FF be drawn at right angles to 
Gl ) ; then 

FU. FF= 2GJy‘.y 

Since the triangle FHU 'ib similar to the triangle FFG, 

.-. FU : FH" GF : FF, 

.-. FU. FF^FH. GF, 

^2GD\ (Prop. XXVI.) 

’ / Prop. XXVIII. 

^If VI be the chord of the circle of curvature through the 
focus of the ellipse ; then 

FI. AG=2qD\'^ 
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Let PI meet CD ih E ; then, since the triangles PIU and 
PEF are similar, 

PT : PU :: PE : PE. ' 

But PE=AG, (Prop. XV. Cor.) 

PI : PU :: PF : AC, 

PI. AC = PU. PF, 

= 2CD\ (Prop. XXVII.) 


Prop. XXIX. 

( 44 . if two chords of an ellipse intersect one another, the 
rectangles contained hj tlioir segments are proportional to 
the squares of the diameters parallel to theni.^ 

Let POP be any cliord drawn through the point 0^ and 
let CD be the semi-diameter parallel to it 

Draw the ordinates NP^ N'P\ Ml), and produce them to 
meet the auxiliary circle in Q, Q\ 1)' ; then 


since NP : NQ : : NP' : N'Q\ {Prop. XlII. Cor.) 

, t is evident that PP' and QQ' will meet the axis produced 
' nthc same point 2\ 



Also since NP : NQ :: MD : MD\ [Prop. XTII Cor,)- 
and TPP is parallel to CD, 

TQ is parallel to CD'. 
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Draw EO parallel to NQ or and produce it to meet 

QQ' ill 0' ; then 

^ PO : Q O’ : : TO : T0\ 
andP'O : Q’O’:: TO : T0\ 

PO.PO : QO’ . Q'O' TO^ : TO'\ 

:: : CD’\ 

:: ^ ( 7 ^ 

Alteniixtely, PO . : CI^ :: : A C\ 

Again, if through the point 0 any other cj^ord he 

drawn, 

since iJO : EO' :: BC : AC, 

it is iiianiiest that the corresponding chord ^q' in the auxiliary 
circle will pass through the point O'; and if Cd be the 
semi- diameter paralh'l to pi)' we shall have as before, 

j)0,j/() : CP :: q0\q'0' : AC\ 

Ifeiit <)0' . Q O' qO' . q 0\ {Euclid, III. 35) 
rO.P'O : CIP :: ^>0 . p 0 : Cd\ 
or PO . P'O ; pO .p'O : : (UP. 

The same result may be shown to be true when tlie point 
0 is without the ellipse. 


Vrov. XXX. 

Tlf QV(.y be any ordinate to the diameter CP, the circle 
d(^eiibed through the three points P, Q, Q' will intersect the 
el]ij )s^iii a fourth point, wdiich depends only upon the position 

Draw the ordinate PN, and produce it to meet the ellipse 
in ; then, since, if ET be the subtangeiit of either P 
or P\ 

CT. CN^AC\ {Prop, IX.) ^ 

therefore the tangents at P and P' will meet the major axis 
produced in the same point T 



G2 


CONIC SECTIONS. 



Draw Pit parallel to TP\ meeting the ellipse in 11, and 
iJQ' ill 0 ; then if Cl) and CD’ he drawn ])arallel re- 
s])cctively to TP and TP\ meeting the elli})sc in 1) and i>', 

PO. OR : QO, OQ :: (7//^': Cl)\ XX IXd 

But Cjy - CD. since TT' = P, 

PO , Oli^ QO . OQ. 

Hence, hy the converse of llncRdYM, Proi^. 22, the point 
R is on the circle which passes through P, (J, Q\ 

OoH. When the point V is brought indefinitely near to P, 
QQ' coincides with the tangent to the ellijise at P, and 
becomes also a tangent to the circle at P since Q and Q' are 
indefinitely near to each other. The circle therefore becomes 
the circle of curvature at tlie point 1\ 

Hence, if PR be drawn parallel to the tangent at P' , or be 
equally inclined to the axis with P*T, it will meet the ellipse 
in the point where the circle of curvature at P intersects the 
ellipse. 



PROBLEMS ON THE ELLIPSE. 


1 In what ]:x)sitioii of iMs tlie angle SI^S' greatest? 

2. The latiis rectum is a third proportional to the axis 
major and axis minor. 

o. (Construct on the axis minor as ])asc 5 a rectangle which 
shall be to llie triangle /SZA" in the duplicate ratio of the 
inajor axis to the minor axis, L being the extremity of the 
latus rectum. 

4. If a scries of ellipses be described having the same 
major axis; the. teugents at the extremities of their latera 
v('cta will all meet tlu, minor axis in the same point. 

5. Eind 1ne locus of the centres of all the ellipses having 
the same focus,* and their major axes of the same length, and 
touching a given straight line. 

(). Given the foci, it is required to describe an ellipse 
touching a given straight line. 

7. If P7'bc a tangent to an ellipse, meeting the axis in 2\ 
and MP, A'l\ be produced to meet the ])erpe.ndicular to the 
major axis through Tin Q Siud then QT= Q’T. 

S. If the angle tlBS' be a right angle, itrove that 

1). If CP be a semi-diameter, and AQO ho. drawn parallel 
to CVMiHeting the curve in C, and CB produced in 0, then 
CF^ = A0.AQ. 

10. If AB, 01), which are not parallel, make equal angles 
with either axis, the lines A C, BD, as also A I), BC, will 
make equal angles with either axis. 
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11. P8p is any focal chord. PA and^^ are produced to 
meet the directrix in Q and </. Prove that the angle Q Sq is 
a right angle. 

12. If a circle he described touching the axis major in one 
focus, and passing through one extremity of the axis minor ; 
A C will be a mean proportional between the diameter of this 
circle and PC, 

lo. If PQQ'P' be a chord of the auxiliary circle, and a 
circle be described on the minor axis as diameter, cutting the 
chord in Q and Q\ then PQ . P'Q — C 

14. If PG ho. the normal at P, and G L be drawn at right 
angles to >SP, then PL = \ latus rectum. 

15. The sum of the squares of the normals at the ex- 
tremities of conjugate diameters is constairt. 

16. If on the normal at P, PQ be taken equal to the semi- 
conjugate diameter CD, the locus of Q is a circle whos(‘ 
radius AG — PC, 

17. Find the locus of the intersection of a pair of tangents 
at right angles to each other. 

18. P is any point on an ellipse. To any point Q on 
the curve draw AQ, A'Qj meeting JVP in P and 8, and 
prove that NP . NS = NPi 

19. If PG be a normal, and GL perpendicular to SP, the 
ratio of GL to PN is constant. 

20. If NP produced meet the tangent at the extremity of 
the latus rectum in Q, then QN — PS, 

21. In an ellipse the tangent at any point makes a greater 
angle with the focal distance than with the perpendicular on 
the directrix. 

22. A diameter of an ellipse, parallel to the tangent at any 
point, meets the focal distances of the point, and from the 

S oints of intersection lines are drawn perpendicular to the focal 
istances. Prove that these lines intersect in the axis minor. 

23. The subnormal is a third proportional to C 2’ and PC, 
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24. If PNha the ordinate of P, prove that NY : NY' 
PY : FT. [See fig. Prop. XV.) 

25. If from C lines be drawn parallel and perpendicular to 
the tangent at P, tliej inclose a part of one of the focal 
distances of tliat point equal to the other. 

20. If P be a fixed point on an ellipse, and QQ' an 
ordinate to PP, the circle QPQ' will meet the ellipse in 
a fixed point. 

27. P is any point on an ellipse. Draw PP' parallel to the 

axis major, and througli P' draw P(2, P' (>', making equal 
angles with llic major axis. Join QQ ' then QCfi is parallel 
to the tangent at P. • * 

28. What parallelogram circumscribing an ellipse has the 
least area? 

29. Wh(‘n is the square of the sum of conjugate diameters 
least ? 

JO. Given the axes of an ellipse, and the position of one 
focus, and of one point in the curve, give a geometrical con- 
struction for finding the centre. 

*>1. If lines drawn through any point of an ellipse to the 
extrc'initics of any diameter meet the coniugate CD in M 
and iV, then CM. CN:== CD\ 

J2. If CP and CD be conjugate, prove that 
{8P - A ay + (8D A Cf= SC\ 

JJ. If PP and CD be conjugate, and PP, BD be joined, 
as also AD, A'P, these latter meeting in P, then BDOP is 
a parallelogram. When is the area greatest ? 

J4. It PSp, QCq be two parallel chords through the focus 
and centre of an ellipse, prove that 

SP. 8p : CQ . Cq :: BG^ : AC\ 

J5. If the tangent at the vertex A cut any two conjugate 
diameters in Pand t, then AT . At = A 

36. If the tangents at three points P, Q, B intersect in P. 
prove that 

PD , . P,Q . Q,B = PQ^ . B,Q . P^R. 

F 
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37. If a circle be described touching SF, S'F produced, 
and the major axis of the ellipse, find the locus of the centre, 

38. If from the extremities of the axes of an ellipse any 
four parallel lines be drawn, the points in which they cut the 
curve are tlie extremities of conjugate diameters. 

39. If two <^qual and similar ellipses liave a common 
centre, the points of intersection are at the extremities of 
diameters at riglit angles to one another. 

40. If FSQ be a focal chord, and X tlie foot of the 
directrix, XF and XQ arc equally inclined to the axis. 

41. OF, 0^ are tangents to an ellipse, and is pro- 
duced to meet the directrices in F, IV, ])rove that 

liFlFT : FQ.F'Q :: OF^ : 0Q\ 

42. NFQ is a common ordinate to the ellipse and auxiliary 
circle. FR, QR are normals at F and Q intersecting in R, 
The locus of jB is a circle whose radius is ^46^ + EG. 

43. If the conjugate to OF meet 8F, S'F, or these pro- 
duced in E, E ' ; tlien SE — 8'E\ and the circles circum- 
scribing 8CE, 8^GE' are equal. 

44. The locus of the middle points of all focal chords in 
an ellipse is a similar ellipse. 

45. The circle described about the triangle 8B8' will cut 
tlie minor axis in the centre of the circle of curvature at B. 

46. The locus of the centre of the circle inscribed in the 
triangle 8F8' is an ellipse. 

47. If a circle be described intersecting an ellipse in four 

J oints, and chords be drawn through the points of intersection, 
iameters parallel to the chords will be equal. 

48. An ellipse slides between two lines at right angles to 
each other, find the locus of its centre. 

49. If from the focus 8 perpendiculars be drawn upon the 
conjugate diameters GF, Cl), these perpendiculars produced 
backward will intersect CD and CP in the directrix. 

50. Find the point at which the radius of curvature is a 
mean proportional between the major and minor axes. 
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51. Tlie circle of curvature at a point, where the conjugate 
diameters are equal, meets the ellipse again at the extremity 
of the diameter. 

52. The locus of tlie intersection of lines drawn from 
at right angles to J 1\ AT is an ellipse. 

55. If a (piaclrilatcral figure, be inscribable in two ellipses 
whose major axes are ])arallel or perpendicular, any two of 
its opposite angles will l)e equal to two right angles. 

54. If CN, NP arc the abs(*issa and ordinate of a point 
P on a circle, whose centre is Cj and NQ be taken equal to 
Js7^, and be inclined to it at a constant angle, ijic locus of Q 
is an ellipse. 

55. If two ellipses having the same major axes can be 
iiiscrlbcd in a ])arallclogram, the foci will be on the corners of 
an equiangular parallelogram. 

' 5(1. 'JVo ellipses, whose major axes arc equal, have a com- 
mon focus. Prove that they intersect in two points only. 

57. A circle described about the triangle 8 PS' cuts the 
minor axis in fl cai tlie opposite side to P» Prove that Sit 
varies as the normal PG. 

58. If r and R be the radii of the circles inscribed in and 
aboui the triangle BPS', prove that R . r varies as 8P . 8T, 

59. 'Jdie circle described upon PG as diameter cuts SP, 
S'P in K and L, Prove that KL is bisected by PG, and is 
perpendicular to it. 

iC 60. If from S' a line be drawm parallel to SP, it will meet 
SY in the circumference of a circle. 

61. Tand t are the points where the tangent at P meets 
the axes. CP is produced to meet in L the circle described 
about the triangle TCt', prove that PL is half the chord of 
the circle of curvature at P in the direction of C, and that 
CP . (7A is constant. 

62. About the triangle PQR an ellipse is described, having 
its centre at the ]:)oint where the lines drawn from P, Q, R to 
the middle points of the opposite sides meet. CP, CQ, CM 
are produced to meet the ellipse in P', Q', R', Prove that 

F 2 • 
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the tangents at P', Q\ B/ form a triangle similar to FQB, 
and four times as large. 

63. Lines from Y and Y‘ perpendicular to the major axis 
cut the circles on 81\ 8'P as diameters in I and J, Prove 
that LS", and e/ /S', when produced, intersect BC in tlie same 
point. 

64. If from the ends of any diameter chords he drawn 1o 
any point in the ellipse, the diameters parallel to tliese chords 
will he conjugate. 

^65. If the angle hetween tangents at the extremities 
' of a focal chord, and 0 the angle subtended by the cliord at 
the other focus, then 

2 7^ + 0 = 2 right angles. 

66. The acute angles whicli SQ make with tlie 

tangents arc complementary. Prove tliatPO*'^ is a mean pro- 
portional between the areas of the triangles SB8\ 8QS , 
Also, show that the problem is impossible unless BC < ('8. 

67. A scries of ellipses have their equal conjugate diameters 
of the same magnitude. One of these diameters is fixed and 
common, while the other varies. The tangents drawn from 
any point in the fixed diameter produced will toucJi the ellipses 
in points situated on a circle. 

68. If on the longer side of a rectangle as major axis an 
ellipse be described, passing through the intersection of the 
diagonals, and lines be drawn from any point of the ellipse 
exterior to the rectangle to the ends of the remote side, they 
will divide the major axis into segments, which are in geo- 
metric progression. 

69. From any point Pof an ellipse FQ is drawn at right 
angles to SF meeting the diameter conjugate to OF in Q. 
Prove that F Q varies inversely as the perpendicular from F 
on the major axis. 

70. In an ellipse 8Q and S'Q, drawn at right angles to 
a pair of conjugate diameters, intersect in Q. Prove that the 
locus of C is a concentric ellipse. 



CHAPTEE III. 


THE HYPERBOLA. 


45. Def. The Hyp erhola is the curve traced out by a 
])oiiit which moves in such a manner that its distance from 
a given fixed ])oint continually bears the same ratio, greater 
than unity, to its distance from a given fixed line. [See In- 
trod action.) 


Prop. 1* 

(ihc focus and directrix of a hyperbola being given, to 
find any number of points on the curve.J 

Let S be fife focus, and MX the directrix. 

Draw SX at right angles to tlic directrix, and divide 8X 
in the point A, so that SA may be to ^4 in the given fixed 
ratio, greater than unity ] then 

.id is a point on the curve. 

On SX produced take a ])oint yl', such that 
SA : AX :: SA : AX] 
then A' will also be a point on the curve. 

On tlie directrix take any point M] and through S and M 
draw the line SYMY^^ meeting AY and AY, drawn at 
right angles to A A, in the points Y and Y; 

On YY' as diameter describe a circle, and draw PMP* 
parallel to A A, cutting the circle in the points P and P ] 

P and P' will be points on the hyperbola. 
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Join PY,PY', 8P; then since 

SY: YM :: 8 A : AX, [Euclid, VJ. 2.) 
and 8Y’ : F'ilf 8 A' : A'X, [Euclid, VI. 2.) 

8Y-. O/:: 8 Y' : TIP, 


or, alternately, 8 Y : 8 Y’ : : YM : Y'M, 
and the angle YP Y' in a semicircle is a right 


P F bisects the angle 8PM,* 
8P: PM:: 8Y : YM, 


:: 8 A : AX. 


So we may show that 

• 8P' : FM :: 8T : Y'M, 


* For, if not, make the angle TPm equal to YPS ; then 
ST : Ym :: SP : Pm, {Euclid, Yl. 3) 
and, since, if PT bisect /SP?n, P Y' being at right angles to P Y, also bisects 
the angle between 'ftCP and SP produced ; 

SY' ; Y'm :: SP : Pm, (Eaclid,yi. A.) 

Hence SY : Ym :: SY' : Y'm, 
or SY : SY' :: Fm : Y'm; 
the points M and m coincide. 
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:: SA : AX, 

P and P are points on tlie curve. 

In the same way, by taking other points on the directrix ^ 
we may obtain as many more points on the curve as we 
please. 

Con. 1. Since, corresponding to every point P on the 
curve, there is h point P' situated in precisely the same 
manner with respect to A' Y' as P is with respect to A Y, it 
is clear that if wc make A' S' equal to A S, and A'X' equal 
to AX, and draw X'M' at right angles to AX', the curve 
could be c([iially well described with S* as focus and MX' 
as directrix. 

Tlie hyperbola is therefore symmetrical, not only with 
respect to the line A A', but also with respect to the line OC 
drawn through the middle point of YY' at right angles to 
and bisecting J A'. 

Con. 2. The line OPpro<lueed will bisect the angle /S'PH" 
betw een SF aiid S'F j^roduced. 

Produce OF and S'S to meet in G, Produce FM to meet 
X'M' ini/', and draw OS' passing through the point if' ; 
then 

SP : Pi/ :: S' P : Pi/', 

or, alternately, SF : S'P :: FM : Pi/'. (1.) 

Again, SG : Pi/ :: S' G : Pif, 

or, alternately, SG : S' G :: FM : Pif'. (2.) 

from (1) and (2) 

SP : S'F:: SG^ : S'G. 

FG bisects the angle SFW. [Euclid, VI. A.) 

It will be shown hereafter [Prop. IX.) that the normal to 
tlie hyperbola at the point P also bisects the angle /SPIT. 
Hence the hyperbola and circle have the same tangent at the 
point P. The hyperbola will consequently touch all the 
infinite series of circles which can be described in the same 
manner as the one in the figure, by taking ditferent points on 
the directrix. 
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Prop. II. 

( 46 . If C be the middle point of AA' •, then CA is a mean 
proportional between CS and CX, ^ 

or CS . CX = CA\ (See Jig. Prop. III.) 

Since SA' : A'X :: SA : AX. 

Alternately, SA' : SA :: A! X : AX, 

.-. SA' - SA : SA :: A'X- AX : AX, 
or A A': SA :: XX' : AX, 

.-. A A' ; AX' :: SA : AX, 

or CA : CX :: S A : AX. (1.)* 

Again, SA' : SA :: A'X : AX. 

.-. SA' + SA : SA :: A'X + AX ; AX, 

or SS' : SA :: A A' : AJC. 

Alternately, SS' : AA' :: SA : AX, 

or CS : CA :: SA : AX. (2.) 

Hence, from (1) and (2), 

CA : CX :: CS : CA, 

CA^= CX. CS. 

Or CA is a mean proportional between CS and CX. 

Cor. Since the three lines CS, CA, CX, arc proportional, 
therefore, by the definition of duplicate ratio, and Euclid, VI. 
20 Cor., 

CS ; CA CS'^ : CA\ (.'}.) 


Prop. III. ‘ 

^dT.Cjf P be any point on the hyperbola, and S be the focus 
nearer to P; then 

S'P- SP= A A'.) 

Since SP : PM :: SA : AX, 


* N.B. The results (1), (2), (3), should be remembered, as they will be 
i'requently^referred to. 
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and : AX :: A A' : XX\ {Prop. II.) 

•. SP : PM i: A A’ : XX. 

So S'P : Piir :: AA : XX', 

■ S'P-- SP : PM -PM :: A A' : XX'. 

lit PM' - PM= MM' = XX', 

S'P- SP = AA\ 

Con. By means of this property the hyperbola raajr be 
practically described, and the form of the curve determined. 

Let a rigid bar S' Q of any length have one end fastened 
at the focus S', in such a manner that it is capable of turning 
Ireely round S' as a centre in the plane of the paper. 

At the other end of the bar let a string be fastened of such 
a length that wlicn stretched along the bar it shall just reach 
to within a distance equal to A A' from the end S' of the 
bar. 
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11’ tlic loose end of the string be now fastened to the focus 

and the rod being initially placed in the position S' S, be 
made to revolve round S\ while the string is kept constantly 
stretched by means of the point of a pencil at P, in contact 
with the bar ; since S' I* and SP are always increasing by 
the same amount, viz. the length of the portion of the 
string that removes itself from the bar, between any two 
positions of P, the dilference between S' P and SP will be 
constantly the same, and the point P will trace out the 
hyperbola. 

Another perfectly similar branch may be described in the 
same manner by making the bar revolve round S as centre. 

In this case SP — 8' P will be equal to AA\ 

Hie curve, therefore, consists of two similar branches, 
which recede indefinitely both from the line A A', and also 
from the line BOB' drawn bisecting A A at right angles. 
{See Jig. Prop. IV.) 

48. If P (7 be taken of such a length that 
BG^ = GS^ - GA\ 
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and GB' be made equal to CB, then A A' and BB' are 
called respectively the 7ranstrrse and Conjugate Axes. 

The lino BCB' does not meet the hyperbola, and tlie 
reason of its being introduced will be seen further on. 

If the conjugate and transverse axes are equal, the hyper- 
bola is said to he rectangular or equilateral. 

The property of the hyperbola, which we have just inves- 
tigated, viz. that the ditfcrencc between SB and S' B\^ con- 
stant, is sometim(is taken as the definition of the curve. {See 
Chapter IJ. Art, 25.) 

Also as in the ellipse, if SL be the semi-tatus rectum, it 
may be proved that 

SL , AC= nc\ 


Prop. IV. 


4[^\^rhc difierenoe of the distances of any point from the 
foci of a hyperbola, will be greater or less than AA'^ according 
as tlie, point is on lha concave or convex side of the curve.) 



A' \C 


A 


(1.) Let Q bc^ a point on the concave side of the 
hy])erbola. 

Join SQ, S' Q, and let S' Q meet the curve in P: ioin 
SP-j then 

since S'Q= S'P+PQ, 
and 8Q < SP + PQ, 
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... 8'Q- SQ> S'P- SF. 
but 8’F- 8F = A A' , 

... 8'Q- 8Q> AA\ 

(2.) Let Q 2 i point on the convex side of the curve, 
nearer to 8 than 8^] join 8Q^ S' Q, and let 8Q meet the 
curve in P; join 8'F; then 

8'Q<8'F+FQ, 
and 8Q=- 8F-hFQ, 

... 8'Q^ 8Q< 8'F^ 8P, 
but 8'P^ 8P=^AA\ 

... 8^Q^ 8Q<AA^, 

so if Q be nearer to >S' than 8, wc can show that 
8Q--- 8'Q< jUV; 

Cor. Conversely a point will be on the concave or convex 
side of the hyperbola, according as the difference of its dis- 
tances from the foci is greater or less than A A 

50. Def. If a point P' be taken on the hyperbola near to 
P (see fig. Prop, V.), and PP' be joined, the line PP' pro- 
duced, in the limiting position which it assumes when P' is 
made to approach indefinitely near to P, is called the Tangent 
to the hyperbola at the point P. 

Prop. V. 

^f the tangent to the hyperbola at any point P meet the 
directrix in the point Z, and if 8 be the focus corresponding 
to the directrix on which Z is situated, then SZ will be at 
riffht angles to 8P, ^ 
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Let P' be a point on the curve near to P. 

T^raw tlic cliord PP\ and produce, it to meet tlie directrix 
in Z; join HZ. 

Draw Pil/, P'iP at right angles to the directrix, and join 
SP. SP\ 

Produce PH to meet flic lijpcrbola in Q ; tlicn since the 
triangles ZMP, ZM' P' are similar, 

ZP . ZP' :: MP : M' P\ 

:: HP . SP\ 

bisects the angle {Euclid, YJ. A.) 

Now, when P' is indefinitely near to P, and PF' becomes 
the tangent at the point P, the angle P8P' becomes in- 
definitely small, wliile the angle QSP' approaches two right 
angles; and therefore the angle ZHP\ being half of the angle 
P' HQ, becomes ultimately a right angle. 

Hence, when PZ becomes the tangent at the point P, the 
angle Z HP is a right angle, 

or HZ is perpendicular to HP, 
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Cor. 1. Conversely, if SZh^ drawn at right angles to Sl\ 
meeting the directrix in Z, and PiThe joined, FZ will he the 
tangent at P. 

Cor. 2. If P^hc produced to meet the other directrix in 
Z\ and 8' Z' be joined ; then 

S' Z' is at right angles to S’ F, 

Cor. 3. The tangents at the extremities of the latus rectum, 
or double ordinate through the focus, meet the axis in the 
point X, 


Prop. VI. 

■ (tIic tangent to the hyperbola at any point P makes equal 
angles with the focal distances /S'Paiid S' F. j 



Let the tangent at P meet the directrices in Z and Z'. 

Draw PMM' at right angles to the directrices meeting 
them in M and M’ respectively ; join SZ^ S' Z ' ; then 

8F : FM :: S'P : PM\ 
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And since tlie triangles ZMP, Z' M'P are similar, 

Pif . PZ PM' : PZ', 

SP ■. PZ S' P : PZ'. {Ex ce,quali) 

Now in the triangles SPZ, S' PZ' because the sides about 
the angles SPZ, S' PZ' are proportional, and the angles 
PSZ, PS' Z' are equal, being right angles, and the angles 
SZP, S' Z' PixrQ each less than a right angle, 

the triangles SPZ, S' PZ' are similar. {Euclid, VI. 7) 
.-. the angle SPZ ^ S'PZ'. 


Puop. Vll. 

(rhe tangents at tlic extremities of a focal chord intersect in 
tlie directrix ^ 

Let P^Q be a focal chord, and let tlic tangent at Pmeet 
tlie directrix in Z, Join 8Z] then 

the angle ZSPis a right angle, (Prop. V.) 

And /. also the angle Z8Q is a riglit angle, 

ZQ is the tangent at Q. {Prop. V. Cor. 1.) 

Or the tangents at the extremities of a focal chord intersect 
in the directrix. 

Prop. VTII. 

ol.^f the tangent at P meet the transverse axis in 1\ and 
PA' be the ordinate of the point P; then 

G1\CN^GA\) 

Draw PMM' at right angles to the directrices meeting 
them in M and if'. Join 8P, 8'P; then 

since PP bisects the angle 8P8\ {Projp. VI) 

8'T : 8T :: 8'P : 8P, {Euclid, VL 3.) 

:: PiP : Pif, 

:: X'N : XN. 
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S'T- HT : -S"7’+ A'7' A".Y- A';V ; AAV+ XN 


or 2 C'r : 2 0!^ 2 CA' : 2 ('.X, 

or C.T ; ("/S' :: OX : CW 

VT. r'A= CS.OX, 

= . (Proji;. II.) 

52. Def. Tlic line PG, drawn at riglit angles to the tangent 
P 2\ is ealled the Normal to the hyperbola at the point P. 

Pkop. IX. 

(If the normal to the hyperbola at the point P meet the 
ti^sverse axis in the point G, and PN be the ordinate of 
the point P, then 

NG : NO :: Ba'‘ : A C\) 

Draw PMM' at riglit angles to tlic directrices, meeting 
tliem in M and M\ and produce S' P to W; then since 
the angle TPG\^ a right angle, 
the angle WPG — the complement' of the angle 8'P2] 
and the ai^ie SPG = the complement of the angle SPT; 
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but the angle 8'PT — the angle 8PT, 
the angle WPG = the angle 8PO, 

PG bisects the angle 8PW, 

8'G : 8G :: 8'P : 8P, {Euclid, VI. A.) 

:: PM' PM, 

:: X'N : XN, 

8'G + 80 : 8'G- 8G:: X'N+ XN: X'N-XN-, 
oi2GG : £8' :: 2CN : XX'. 

Alternately, 2 <76^:2 CAT:: 88' : XX ; 

ox CO:CN:: 08 : CX,^ , 

:: 08^ : OAO ' {Prop. II. Cor.) 

■. CC -ON : ON 08'' - CA" : CA" ; 
or NO : ON :: BO" : AO\ 

Pkop. X. 

(if PN be th< ordinaie of ai y point 1 on the hyperbola, 
then 

PN" : AN .A'N BO" : A0\) 

For NG : NO BC‘ : AO". 

And rectangles of the same altitude are to one another as 
their bases, {Euclid, VI. 1.1 

.-. TN. NG ; TN.NC :: £0" : AC", 
or PN" ; TN. NO :: BO" : AC". 

But TN.ON= ON" -OT. ON, {Euclid, 11. 2.) 

= ON" - CA", {Prop. VIIL) 

^ AN. A'N, {Euclid, 11. 6.) 

P2P : AN. A'N :: B6" ; AC". 

Prop. XI. 

If the normal at any point P of an hyperbola' meet the 
transverse axis in Q ; then 

80 : 8P :: 08 : CA. 

G 
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Produce S'P to W ; then 

since PG bisects the angle 8PW, {Prop. IX.) 

SG : S'G :: 8P : S'P, 

SG : S’G - SG ;; SP : S'P- SP, 
but S'P - SP = AA', {Prop. III.) 
and S'G - SG SS', 

.-. SG : SS’ :: SP : A A', 

or SG : SP :: SS' : A A', 

or SG : SP :: CS : GA. 

(loK. T fence illso, 

S'G ; S'P ;; CS : CA. 

^ I’jiop. XII. 

■' 53. If from the foci S and S' of an hyperbola AS'Pand S'V 
arc drawn at right angles to the tangent at P, tlion V and V 
are on the circumference of the. circle described onyl.l'as 
diameter, and 

sr. ST’ = pc^ 

Join SP, S'P, and produce A’Fto meet in JV; join 
CY; then 

since the angle SPY=: the angle WPY, {Prop. VI.) 
and the angle S YP — the angle WYJ\ 
and the side /•’Vis common to the triangles SPY, WPY. 

:. the triangle SPY = Tl'/’I'in all respects, 

.-. SP= PW, and SY = irV, 

.-. S'P- SP= S'W, 
but S'P- SP= A A', {Pro2>. III.) 

.-. S'W=:AA'. 

Again, •.• 80= CS', a.ndiSY= WY, 

.-. SG : CS' SY : YW, 

.-. OF is parallel to 

.-. G'Y ; SW :: CS : SS', 
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so CY* = CA, 

I^and Y' aro points on tlie circumference of the circle 
described upon A A' as diameter. 

ivext, let SY be produced to meet this circle in Z, and 
joini^l'^'; tlicn 

since the angle ZYY' is a right angle 
passes througli the centre O, 
the angle 8GZ — the angle S*CY>, 

8Z=^ 8'Y\ 

8Y. ;V'F' - 8Y. 8Z, 

= 8 A . 8A\ {Euclid^ III. 86 Cor.) 

== 08^ ~ CA\ [Euclid, II. 6.) 

= BC\ 

Cor. If CD be drawn parallel to the tangent at P meeting 
8' P m E; then 

since CEPYi^ a parallelogram, 

PJ5;= CY^AC. 
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Prop. XIII. 

54. To draw a pair of tangents to an hyperbola from an 
external point 0. 



Of the foci S and >8', let /S' be that which is nearer to 0. 

With centre 8 and radius equal to A A' describe a circle. 

Join 08, 08'; and let /SO or /SO produced meet the 
circle in the point L 

Now if 0 be a point inside the circle MIM', it is evident 
that 08’ is greater than 01; and if 0 be outside the circle, 

since 08^ 08’ < A A’ or 81, {Prop. IV.) 

0/S- 08’ < 08^ 01, 

08’ > OL 

With centre 0 and radius OS' describe another circle 
cutting the former in the points M and M’, which it will 
always do since OS' is greater than OL 
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Join 8M^ 8M^ and produce them to meet the hyperbola 
in the points P and P. 

Join OP, OF ; these will be the tangents required. 

Join 8’P, 8'F; then 

since 8'P -8P^AA! ^ 8M, 

8F=^PM. 

And •.* 8'P^ PO = JfP, POy each to each, 
and 08' = OM, 

the angle 0P8' = tlie angle 0PM, 

.•. OP is the tangent at P. {Prop. TI.) 

So OP' is the tangent at P. 


The points of contact P and P' will be upon the same 
or opposite branches of the hyperbola according sls 8 M and 
8M^ require to be produced in the same or in opposite 
directions with respect to 8, in order to intersect the 
hyperbola. 


Prop. XIV. 

If from a point 0 a pair of tangents, OP, OP' be drawn 
to an hyperbola, then the angles which OP and OF subtend 
at either focus will be equal or supplementary according as 
the points of contact are in the same or opposite branches of 
the hyperbola. 

Let the points P and .P' be on opposite branches of the 
hyperbola. 

Join 8P, 8'P; 8F, 8'F. 

Produce P8 to M, making PM equal to P8'. Also from 
F 8 cut oif a part FM' equal to F 8'. 

Join OM, OM; 08, 08'. 

Then since OP, PS' = OP, PM, each to each, 
and the angle OPS' = the angle 0PM, {Prop. VI.) 

08'^ OM, 

and the angle 08'P^ the angle OMP. 
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So OS' = OM\ 

and the angle OS' P' = the angle OM' F, 

OM = OM\ 

Again, V S3I= S'P^ SP=AA\ 
and Sir = SF - S'P' = A A', 
SM=^ Sir. 

And OS, SM=^ OS, SIF, each to each, 
and OM = OIP, 

the angle OSM — the angle OSM\ 
and the angle OMS = the angle OM' S. 

But 0 SM is the supplement of 0 SP, 
and OM'S the #iupplement of OM' F, 
OSM' is the supplement of 0 SP, > 
and OMP the supplement of OM' F. 

But OS'P, 

and OM'F = 0 SF, 

08' Pis the supplement of 0 S' F. 
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Hence the angles, which OP and OP' subtend either at 8 
or 8' are supplementary. 

In a similar manner if P and P' are on the same branch of 
the hyperbola, the angles subtended either at 8 ox 8' may be 
.shown to be equal. 


Prop. XV; 


55. If the tangent at any point P of an hyperbola meet the 
conjugate axis in the point t, and Pn be drawn at right angles 
to (JB\ then 

On . Ot = BC \ 



Draw PB at right angles io CA; then 
Oi : CT:: PN : NT, 

.-. a i PN :: qj' : NT, 

Ct. On: PN'‘ CT. CN : CN. NT; 
or Ct. Cn : CT . CN :: PN^ : CN . NT, 

BC^ -. AC\ {Prop.X.) 
But CT. CN^AC\ 

.-. Ct. Cn = BC\ 
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56. The proofs that we have given up to this point of the 
properties of the hyperbola are closely analogous to the 
corresponding propositions in the ellipse. The remaining 
properties of the hyperbola are more conveniently investigated 
by means of its relation to certain lines, which we shall 
presently define, called Asymptotes, in the same manner as 
many of the properties of the ellipse were deduced from those 
of the auxiliary circle. 


Def. The hyperbola described {see fig. Prop. XVI.) with 
C as centre, and BB* as transverse axis, and A A as con- 
jugate axis, is called the Conjugate Hyperbola. Its foci, 
which will be\)n the line BGB\ will evidently be at the 
same distance from C as those of the original hyperbola, 
since 

G8^ = CA^ + GB^. 


Prop, XVI. 

If through any point E on either of the diagonals of the 
rectangle formed by drawing tangents to the hyperbola and 
its conjugate at the vertices. A, A, B, B', two ordinates 
EPN, RDM, be drawn at right angles to A A and BB\ and 
meeting either the hyperbola or its conjugate in the points P 
and D ; then 

RN^^PN^ = BC\ 

SiXi^RM^^DW^AG\ * ■' ^ 

Let iZ be a point on the diagonal O' CO', then 
.iZiV" : CN^ :: AO^ : AC\ 

BG^ : ACT: 

miPN^ : CiP - GA^ :: BCT : AC‘; (Prop.X.) 

BIP-PIP : GA^ :: BCP : AC\ 

BN^ -P1P = B(P. 

Again, BM'‘ : C3P :: AC^ : BC\ 

&ndi BiP : GW - CB^ :: AC' x BC'-, {Prop. X.) 

BW-DW : BCP :: ACP : BC' 
BW-DW^ACP. 



CONIC SECTIONS. 



In exactly the same, manner, if NR had been produced to 
meet the conjugate liyperbola in P, and MR had been produced 
to meet the original hyperbola in P, we should have had, 

PJV^^ - RN^ = 
and DM^ - RM^ = AC\ 

Cor. If PP be produced to meet the hyperbola in p, 
and the other asymptote in r ; then 

RN^ - PN^ = RP.Pr ; {Euclid, 11. 5.) 
RP:Pr = BG\ 

Hence as RPN is further removed from A, and the line 
Pr consequently increases, since the rectangle contained by 
RP and Pr remains constant, RP must diminish, and by 
taking R suflSciently far from 0, PPmay be made less than 
any assignable magnitude. The line (7P, therefore, con- 
tinually approaches nearer and nearer to the hyperbola, though 
it never actually reaches it. 
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On account of this property, CR is called an Asymptote to 
the hyperbola. 

So also if P be the point where NR produced meets the 
conjugate hyperbola, we shall have 

and therefore OR is also the asymptote to the conjugate 
hyperbola. 

In the same manner it may be shown that the other 
diameter oCo of the rectangle 00' is an asymptote to both 
hyperbolas. \ 


Prop. XVJI. 


57. IfPbe the point where the asymptote meets the direc- 
trix, then 

CE = Aa 
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For by similar triangles, 

GE : GO :: GX : GA, 

:: GA : G 8. {Prop. 11.) 

But GO^ = GA^ + GB^ = G 8^; ^ 

..G0=G8; 

GE= AG. 

Cor. If be joined, since 

GE^ = GA^ = G8 . GX, 

the angle GES is a right angle. {Euclid^ VI. 8, Gor^ 


Proi>. XVllI. 

If from any point R in one of the asymptotes to an hyper- 
bola ordinates liPN, It DM be drawn to the hyperbola and 
its conjugate respectively, and PD be joined, PD will be 
parallel to the other asymptote. 

FotBX^ : :: BG^ : AG‘^; 

and ~ PX^ : - DM^ : : BG'^ : AG\ {Prop. XVI) 

PN'^ : DM'^ :: BC^ : AG/^; 

:: BX : BM\ 

.-. PN : DM : : BN : BM) 

PD is parallel to MN. [Euclid^ VI. 2.) 
Also GN : G3I:: AG : BG, 

^ MN is parallel to AB\ 
and OA : Ao :: OB : Bo\ 

. *. AB\s, parallel ^o o d . 

Hence PD is parallel to od . 

Cor. So also if fi 'and D be the points where NB and 
MB produced meet respectively the conjugate and the original 
hyperbola, PD will be still parallel to od. 
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Prop. XIX. 

58. If through any two points Q and Q of an hyperbola a 
line RQQ'R' be drawn in any direction meeting the asymp- 
totes in R and R' ; then will 

RQ:^R' q: 



Through Q and draw the ordinates UQW, TJ^QW; 
meeting the asymptotes in Z7, TF, V, W'; then by similar 
triangles, 

QR : QUv. Q'R : Q’U* 
and QR': QW :: Q'R' : Q'W ; 
compounding 

QR . QR' : QU. QW :: Q'R . Q'R' : Q V. QW‘. 
But QU. QW=BC*=QU' .Q W', {Prop. XVI. Cor.) 
QR. QR' = Q'R. Q'R:-, 
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but QR . QRl QR . QQ^ ^ QR . Q'R\ 
and Q'R . Q'R‘ = Q’R' . QQ' + QR. Q^R ' ; 

/. QR. (2(3' = Q'R\ QQ\ 

‘ QR = Q'R\ 

Cor. 1. If R QQ'R' move parallel to itself until the points 
Q and Q’ coincide, the line RQR‘ will ultimately assume the 
position iPZ, and will become a tangent to the hyperbola at P. 

Hence, since PQ is always equal to P' 

ZP=PZ, 

or the tangent LPl is bisected at the point of ^ntact P. 

Cor. 2. If (7Pbe produced to meet PP' in F, then since 
PF: FP' :: LP : PZ, 

PF= FP'; 
and RQ = Q' R\ 

(2F= (2'F. 

Hence if a scries of parallel chords be drawn in an hyper- 
bola, their middle points will all be in the line drawn through 
the centre and the point where the tangent parallel to the 
chords meets the hyperbola. 

Def. a line POP' drawn through the centre, and meeting 
the hyperbola in P and P\ is called a Diameter. 

A diameter consequently bisects all chords drawn parallel 
to the tangents at its extremities. 


Prop. XX. 

59. If through any point Q of an hyperbola a line RQr be 
drawn in any direction meeting the asymptotes in P and r, 
and LPl be the tangent drawn parallel to RQr \ then 

RQ. Qr^PU. 

Through P and Q draw the ordinates EPe^ UQW^ meeting 
the asymptote in Ej e, U, W; then by similar triangles, 
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QR : Q Uv. PL PK 
Qr ; QU^ :: PI : Pc, 

QR . Qr : QU. air PL . PI : PE . Pe. 
but Q V . QW=- B(T- = PE . Pc. (Proj>. XVI. Cor.) 
.-. QR. Qr^PL.PI, 

= PL\ (Prop. XrX. (hr. 1.) 
Cor. If Qtj be produced to meet the eoujugatc hyperbola 
in tf. we may sliow that 

Q'R . Q'r = PII. 

and also, as in Proposition XIX., that 
Q' R — <t' r, 

••• QQ' = aa- 

Hence if a line be drawn in any direction meeting both the 
hytierbolas, the portions intercepted between tlic hyperbola 
ana its conjugate will be equal. 
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Prop. XXI. 

60, If from any point P of an hyperbola, PH and PK be 
drawn parallel to ilie asymptotes, meeting them in U and K 
respectively ; then 4 . PH . PK = C S^. 



Draw the ordinate MPNr meeting the asymptotes in P 
and r ; then by similar triangles, 

PH : PR Co : Oo, 
and PA' : Pr :: CO : Oo, 

PH . PK : PR . Pr (70^ : Oo\ 

CS^ : 4BC\ 

But PR . Pr = nC% r . 

4. P7/.PA'= CS\ 
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Prop. XXII. 

If the tangent at any point P of an hyperbola meet the 
asymptotes in L and I ; then the area of the triangle LGl h 
equal to the rectangle contained hy AC and B G. 

Draw PH and PK parallel to the asymptotes meeting 
them in II and K ; then 

since CL : (7/f :: LI : PI, 

and LI PI, {Prop. XIX. Cor. 1.) 

/. CL = 2 GH^2PK\ 
so 67 = 2 CK^2PII, 

CL. Cl ^4. PII. PK^ CS\ {Prop. XXL) 
= CO. Co, 

.-. CL : CO :: Co : Cl, 

the triangles LGl^ 0 Co have the angle at G common and 
the sides about those angles reciprocally proportional 5 

the triangle L Cl the triangle 0 Co, 
^AC.AO, 

^AC.BC. 

Prop. XXIIL 

61. If from any point It in the asymptote of an hyperbola, 
two ordinates BPN and RDM be drawn to the hyperbola 
and its conjugate respectively, then the tangents at P and D 
will be parallel respectively to CD and CP. 

Join PD, meeting CB in JET; then 

since PD is parallel to oo\ {Ptop. XVIII.) 

the tangents at P and D will each meet CR produced in the 
same point L. {Prop. XXII.) 

Produce LP and LD to meet the other asymptotes in I 
and V\ then 

since CL. Cl^C 8^^ CL . CV, {Prop. XXII.) 
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CP is parallel to the tangent at Z>. 

Also VD ; DL VC : Cl, 

CD is parallel to the tangent at P. 

The lines CP and CD arc called Conjugate Diameters, 
since each of these lines is parallel to the tangent at the 
extremity of the other. 


Pkop. XXIV. 

If GP and CD be semi-conjugate diameters in the hyper- 
bola; then 

GP^ ^ GD^ = CA^ CB\ 

Draw the ordinates NPR, MDB meeting the asymptote in 
the point R {Prop. XXIII.) ; then 

H 
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CR^ ^ NR^ - NP\ 

^BG\ (Prop. XVL) 
CP^-^BC'^; 
so CR^== GD^ + A C\ 

.*. CP + BC‘^=: CJ)^ + AG^; 
or CP^ ^CD^ = AC^^ BG\ 


Prop. XXV. 

62. Tlic .'iro(i of any parallelogram formed by drawing tan- 
gents to the hyperbola and its conjugate at the extremities 
P, P', By D' oi a pair of conjugate diameters is equal the 
rectangle contained by the axes. 



Let LlL'r be the parallelogram formed by drawing 
tangents at the extremities P, P', P, P', of any pair of 
(jonjugate diameters. The points L, L\ I, l\ will (Prop. XXIII.) 
be on the asymptotes. 
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Now the parallelogram LL' = 4 parallelogram CL, 

— 4 triangle LGl, 

= 4.AG.BC, {Prop. XXII.) 
= AA' . BB'. 

CoK. If PF be drawn perpendicular to CD, then 
PF. GD^^AC.BC. 

Also, if the normal Pf? meet tlie transverse axis in (7, as in 
the ellipse 

PF.PG^BC\ 

63. Def. The line QV drawn from any point Q of the 
hyperbola parallel to the tangent at any point P, and meeting 
C/P produced in V, is called an Ordinate to the diameter CP. 

Prop. XXVI. 

If QV be an ordinate to the diameter P' CP, and CD be 
conjugate to CP; then . 

QV‘ : PF. P'F :: CD^ : CP*. 

Produce F^ to meet tlic asymptotes in B and r ; and let 
the tangent at P meet the asymptotes in L and I ; then 
PF* : PL'‘ :: CF* : CP*, 

.-. ItV^-PL"^ : PP* :: CF* - CP* : CP*. 

But PC . Qr= PF, {Prop. XX.) 

.-. PF* - QV^ = PL\ 
or PF* - PP* = CF*. 

And CF* - GF = PV. P' V, {Euclid, II. 6) 

.-. QV^ : PP* :: PF.P'F: CF. 

Alternately, CF* : PF. P'F :: PP* : CP*.' 

But since PD is a parallelogram, {Prop. XXI II.) 

.*. PP = CD. 

Hence QF : PF.P'F:: GDI : CP*. 

Coe. If FC be produced to meet the conjugate hyperbola 
in Q, then 

since C'P • C’r = PP*, {Prop. XX. Cor.) 

.-. Q'V^ - RV^ = PL\ 

Hence C'F* : CF*+ CP* :: CP* : CP* 

II 2 • 
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Peop. XXVIL 

64. If Q V be an ordinate to the diameter P V, and the 
tangent at Q meet CP in the point P; then 

CV. CT= Cr. 

Draw the tangent LPl meeting the asymptotes in the 
points L, I ; also let the tangent at Q meet the asymptotes in 
R, r. 



Draw RK, rk parallel to ^Fmeeting CP in K, L 

Now since the triangles RCr, LCl are equal, {Prop. 
XXII.) and have the angle at C common, 

CR : CL Cl : Cr. (Euclid, VI. 16.) 
But CR : CL CK: CP, 
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and Cl: Cr :: CP: Ck, 

CK: CP:: CP: Ck, 

CK. Ck= CP\ 

Again, produce iZA^and OF to meet the asymptote Cl in 
B' and q; then 

Since Rr is bisected in Q, (Prop. XIX. Cor. 1) 

R’r is bisected in q, 
and BK=B'K, (Prop. XIX. Cor. 2) 

Kq is parallel to Br, 

CT : CK :: Cr : Cq, 

:: Ck : CV, * 

CV. CT= CK. Ck 
= CP\ 


Cor. 1. Conversely, if QVhe an ordinate to PV, 
and CF. CT= CF\ 
then QT the tangent at Q. 

Cor. 2. Hence also, if RK meet the curve in TJ and U\ 
and h U, k U' be drawn, 
since CK. Ck^ CP^, 

k U and k XT' are tangents to tlie hyperbola at XT and XJ\ 


Prop. XXVIII. 

65. If two chords of a hyperbola intersect one another, tlie 
rectangles contained by their segments are proportional to the 
squaiSI of the diameters parallel to them. 

Let^QOg^be any chord drawn through the point 0, and 
let (7i) be drawn parallel to it, meeting the conjugate 
liyperbola in D. 

Produce Qq to meet the asymptotes in R and r ; and draw 
the diameter CPF, bisecting both Qq and Pr in V. (Prop. 
XIX. Cor. 2.) 

Also draw the tangent LPl parallel to Qq, meeting the 
asymptotes in L and /. 
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Now since Qqia divided equally in V and unequally in 0, 
QO. Oq= Qr- OV^; {Euclid, II. 5) 
so also BO . Or = Br‘ - OV\ {Euclid, II. 5) 

BO . Or - QO . Oq = BV^ - QV^, 

= BQ . Qr {Euclid, ll. 5) 

= PL\ {Prop. XX.) 

.-. QO . Oq = BO . Or- PL\ 

Again, through 0 and P draw EOe, UPW, at right 
angles to the axis meeting the asymptotes in E, e, U, W \ 
then 

BO : OE :: PL ; PU, 
andrO : Oe :: PI : PW, 

BO. rO OE. Oe :: Pi* : PU . P#; 
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\>\>XPU.PW=BG\ [Prop. XVI)*' 
and PX* = GD^ [Prop. XXIIL) 
RO.rO : OP. Oe :: GD^ : BG\ 
oxBO.rO : PP* :: OB . Oe : BG\ 

.'. RO.rO- PL'‘ : GD^ :: OE. Oe- BC7 : BG\ 
or QO.Oq: GD'^ :: OE . Oe-BG^ : BG\ 

In the same manner if through 0 another chord Q' Oq' 
be drawn, and CD' be drawn parallel to it, meeting the con- 
jugate hyperbola in D\ we shall have 

Q’b. Oq' : :: OE . Oe ^ BC^ : BG\ 

Hence QO.Oq-. Q'O. Oq' GD‘‘ Gt>'\ 

Cor. The same result may be shown to be true when the 
poilit 0 is outside the hyperbola. Moreover, it is not necessary 
that the chords should be drawn meeting one branch only of 
the hyperbola or the same branch. The proportion stil 
holds good when one or both of the chords meet both 
branches of the hyperbola, or when the chords are drawn in 
different branches. 

66. Def. If with a point 0 on the normal at P as centre, 
and OP as radius, a circle be described touching the hyperbola 
at P, and cutting it in Q; then when the point Q is made to 
approach indefinitely near to P, the circle is called the Circle 
of Curvature at the point P. 


Prop. XXIX. 

If PH be the chord of the circle of curvature at the point 
P of a hyperbola, which passes through the centre ; then 

PIT. (7P= 2CD\ 

Let PTbe the tangent, and PG the normal at the point P. 

With centre 0, and radius OP, describe a circle cutting the 
hyperbola in the point Q, 

Draw RQW parallel to OP, meeting the circle in W, and 
TP produced in B. 

Also, draw QV parallel to PP, meeting the diameter PF 
in V; then since PP touches the circle at P, 
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RQ . RW= PR^, {Euclid, III. 3(5) 
oxPV .RW= QV\ 

But qr : PV , FV V. CD^ : GP\ {Prop. XXVI.) 

.-. PF. iiTF ; PV . FV CP” : CF, 
oxRW ; FV CIV : CF, 

Now, when the circle becomes the circle of curvature at P, 
the points B and Q move up to, and coincide with P, and the 
lines iilFand PH become equal, while 

P'F becomes equal to PF, or 2 CP. 

Hence, PH : 2CP :: CF : CF, 

.-. PH. CP : 2CF :: 20^“ : iCF, 

PH. CP^ 2CF. 


Prop. XXX. 

If P 17 be the diameter of the circle of curvature at the 
point P of the hjperhoia, md PF be drawn at right angles 

“CKitken pjj.rr.20D’. 



CONIC SECTIONS. 


105 


Since the triangle PHU ia similar to tlie triangle PFC, 
.'.PU: PH :: CP: PF, 

. PU.PF=PH. CP, 

= 2CD\ (Prop. XXIX.) 


Peop. XXXI. ' - 

If PI be the chord of the circle of curvature through the 
focus of the hyperbola ; then 

PI. AG = 2CD\ ^ 

Let HP meet CD in P; then since the triangles PITJ 
and PEF ai-e similar, 

PI PU PF : PE. 

But PE = AC, {Prop. XII. Cor) 

.-. n '.PU -.-. PF : AC, 

.-. PI . AC=^ PU . PF, 

= 2 CD\ {Prop. XXX.) 

The point where the circle of curvature intersects the 
hyperbola may be determined as in the case of the ellipse. 

^^KOP. XXXII. 

67. If Pbc any point on the hyperbola, and CD be conju- 
gate to CF ; then 

8P, CI)\ 

Draw PIT parallel to the asymptote CE meeting the 
directrices in 1 and 7', and GB' in U, 

Let the ordinates NP^ MD meet the asymptote in i?, and 
draw PW perpendicular to the directrix; then by similar 
triangles, 

P7: PPT:: CE : GX, 

:: GA : CX. (Prop. XVI L) 






PEOBLEMS ON THE HYPEEBOLA. 


1 . The locus of the centre of a circle tou^iilng two given 
circles is a hyperbola or ellipse. 

2. If on the portion of any tangent intercepted between the 
tangents at the vertices a circle be described, it will pass 
through the foci. 

3. In a hyperbola the tangents at the vertices will meet the 
asymptotes in the circumference of the circle described on 
SS' as diameter. 

4. If from a point P in a hyperbola PIT be drawn parallel 
to the transverse axis meeting the asymptotes in I and F ; 
thenP/. FT = A C\ 

^ 5. If a circle be inscribed in the triangle SFS\ the locus 
of its centre is the tangent at the vertex. 

6. If PN be the ordinate of the point P, and NQ tangent 
to the circle described on the transverse axis as diameter, and 
PM be drawn parallel to QC meeting the axis in if, then 
MN=^BG. 

7. If PN be the ordinate of a point P, and NQh^ drawn 
parallel to A P to meet CP in Q, then -4 ^ is parallel to the 
tangent at P. 

^8. If a hyperbola and an ellipse have the same foci, they 
cut one another at right angles. 

9. If the tangent at P intersect the tangents at the vertices 
in P, r, and the tangent at P' intersect them in P', r', then 
AP . Af^ = AP\ 
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10. If any two tangents be drawn to a hyperbola, the lines 
joining the points where they intersect the asymptotes will be 
parallel. 

11: The perpendicular drawn from the focus- to the asymp- 
totes of a hyperbola is equal to the semi-conjugate axis. 

12. If the asymptotes meet the tangent at the vertex in 0, 
and the directrix in E] then AE is parallel to SO. 

* 13. In a rectangular hyperbola conjugate diameters are 
equal to one another. 

- 14. In a rectangular hyperbola the normal is equal 
to CR 

15. The lines drawn from any point in a rectangular 
hyperbola to the extremities of a diameter make equal angles 
with the asymptotes. 

1 6. Prove that the asymptotes to a hyperbola bisect the 
lines joining the extremities of conjugate diameters. 

17. A line drawn through one of the vertices of a hyperbola 
and terminated by two lines drawn tlirougli tlie other vertex 
parallel to the asymptotes will be bisected at the other point 
where it cuts the hyperbola. 

18. Pis any point on a hyperbola, and P’ a point on the 
conjugate liyperbola. If CP and CP' be conjugate, prove 
that 

S'P'^ SP=AC--BC, 

S and S' being the interior foci. 

19. If PPand CJ) be conjugate, and through C a line be 
drawn parallel to either focal distance of P, tlie perpendicular 
from D upon this line is equal to BC, 

20. Given a pair of conjugate diameters, find the principal 
axes. 

21. If (3 be a point on the conjugate axis of a rectangular 
hyperbola, and QPbe drawn parallel to the transverse axis 
meeting the curve in P ; then 

PQ=^AQ. 

22. In a rectangular hyperbola the focal chords drawn 
parallel to conjugate diameters are equal. 
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23. If in an equilateral hyperbola OYhe drawn at right 

angles to the tangent at P, and AY loQ loined, the trian^^les 
PGA, (7^ F are similar. ^ 

24. The radius of the circle which touches a hyperbola 
and. its asymptotes, is equal to that part of the latus rectum 
produced which is intercepted between the curve and the 
asymptotes. 

25. If QQ be any chord of a hyperbola, and CP the 
diameter corresponding to it, and QH, PK, Q'JT be drawn 
parallel to one asymptote meeting the other in H, K and 
then OH. GH'== GK\ 

26. If the cliord EPP' R* intersect the hyperbola in the 
points P, P', and the asymptotes in P, R' \ andPiibe drawn 
parallel to CP, and P' K' to CP; then RK = PX', and 
RK = PK. 

27. If A A’ be any diameter of a circle, and PNQ an 
ordinate to it, then the k)cus of the intersections of AP, A' Q 
is a rectangular hyperbola. 

28. If two concentric rectangular hyperbolas be described, 
the axes of one being tlie asymptotes of the other, they will 
intersect at right angles. 

29. If any chord A P through the vertex be divided in Q, 
so that AQ : QP :: A G'^ : PC^ and QN be drawn to the 
foot of the ordinate PN, prove that a straight line drawn at 
riglit angles to QN from Q cuts the transverse axis in the 
same ratio. 

30. Prove that the curve which trisects the arcs of all 
segments of a circle described upon a given base is a hyper- 
bola. 

31. If 8 Vs, TVt be two tangents cutting one asymptote 
in 8, T, and the other in s, t, prove that 

V8 : Vs : Vt : VP 

32. If from the exterior focus of a hyperbola a circle be 
described with radius equal to PC, and tangents be drawn to 
it from any point in the hyperbola, the line joining the points 
of oontact will touch the circle described on the transverse 
axis as diameter. 
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33. Circles are drawn touching the straight line AB m 
a fixed point C\ and from the fixed points B tangents 
are drawn to these circles. The locus of their intersection is 
an ellipse or hyperbola. Distinguish between the two cases. 

34. PP* is a double ordinate in an ellipse. AP^ A'F are 
produced to meet in Q. Prove that the locus of ^ is a 
hyperbola with the same axes as the ellipse. 

K ^ H /a. . X V/ ' 

35. ^f the tangent at P intersect the asymptotes in L and 
Z, andT(? be the normal at P, then the angle X(? Z is a right 
angle. 

36. If an ellipse, a parabola, and a hyperbola, have a 
common tangent, and the same curvature at the vertex, the 
ellipse will be entirely within the parabola, and the parabola 
entirely within the hyperbola. 

37. The chord RPP'R* of a hyperbola intersects the 
asymptotes in R and R'. From the point R a tangent RQ 
is drawn meeting the hyperbola in Q. If P7/, QK^ PPT be 
drawn parallel to one asymptote meeting the other in the 
points 11, K, W ; then PU^ FIP - 2 QK, 

38. If through P, P' on a hyperbola lines be drawn parallel 
to the asymptotes forming a parallelogram, of which PP is 
one diagonal ; the other diagonal will pass through the centre. 

39. If P be the middle point of a line EF which moves so 
as to cut off a constant area from the corner of a rectangle, its 
locus is an equilateral hyperbola. 

40. PM, PN arc drawn parallel to the asymptotes dN, 
CM, and an ellipse is constructed having GN, CM for semi- 
conjugate diameters. If (7Pcut the ellipse in Q, the tangents 
at Q and P to the ellipse and hyperbola are parallel. 

41. If a circle be described through any point P of a given 
hyperbola and the extremities A, A' of the transverse axis, 
and NP be produced to meet the circle in Q ; prove that Q 
traces out a hyperbola whose conjugate axis is a third pro- 
portional to the conjugate and transverse axes of the original 
hyperbola. 
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42. If lines be drawn from any point of a rectangular 
hyperbola to the extremities of a diameter, the difference 
between the angles which they make with the diameter will 
be equal to the angle which this diameter makes with its 
conjugate. 

43. If between a rectangular hyperbola and its asymptotes 
any number of concentric elliptic quadrants be inscribed, the 
rectangle contained by their axes will be constant. 

44. In the rectangular hyperbola if CP be produced to Q 

so that FQ= CP, and QO be drawn at right angles to CQ 
to intersect the normal in O, O is the centre of curvature 
at P. • 

45. With two conjugate diameters of an ellipse as asymp- 
totes a pair of conjugate hyperbolas arc constructed ; prove 
that if one hyperbola touch the ellipse tlie other will do so 
likewise ; prove also that the diameters drawn through the 
points of contact are conj^j^ate to each other, 

4G. If a pair of conjugate diameters of an ellipse when 
produced be asymptotes to a hyperbola, the points of the 
hyperbola at which a tangent to tlie hyperbola will also be a 
tangent to the ellipse, lie in an ellipse similar to the given 
one. 

47. In the rectangular hyperbola the radius of curvature at 
P is to the radius of curvature at P' in the triplicate ratio of 
f^Pto CP\ 

i( 48. OP, 0 Q arc tangents to an ellipse at P and Q, and 
asymptotes to a hyperbola. Sliow that a pair of their common 
chords is parallel to PQ, One of these .chords being RS, 
prove that if PR touches the hyperbola at P, Q8 touches it 
at S-, also if PS, QR meet in U, 01/ bisects PQ, 

49. The base of the triangle ABC remains fixed, while 
the vertex C moves in an equilateral hyperbola passing 
through A and B, If P, Q be the points in whicn A C, 
BG meet the circle described on A B as diameter, the inter- 
section of A Q, BP is on the other branch of the hyperbola. 



CHAPTER IV. 


THE SECTIONS OF THE CONE. 


68. 1)ef. If Wo indefinite straight lines TOI‘^ DOD\ inter- 
sect one another at a point 0, and one of them 10 T remain 
fixed while the other DOI)' revolves round it in such a 
manner that its inclination to 1 OF is the same in all positions, 
the surface generated hy DO IV will be a Right Cone, 

The line I OF is called the Axis, and the point 0 the 
Vertex of the Cone. 

It now remains for us to show {see Introduction) that the 
curve formed by the intersection of this surface witli a plane 
is in general one of the three curves whose properties we have 
been investigating, and to consider under what circumstances 
it will be the Parabola, Ellipse, or Hyperbola. 

If the cutting plane pass through the vertex of the cone as 
KOK'y and intersect the cone again at all, it will in general 
cut it in two straight lines as OK^ OK\ which will represent 
two positions of the generating line. 

The inclination of these lines to each other will depend 
upon the inclination of the cutting plane to the axis of the 
cone, and will be greatest when this plane passes through the 
axis, in which case it will be double the constant angle between 
the axis and the generating line. 

If the cutting plane pass through a generating line dod' 
and be perpendicular to the plane containing this line and the 
axis, it will simply touch the cone along this line. 
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Should the cutting plane not pass through the vertex, and 
be at right angles to the axis of the cone, the section will 
evidently be a circle. 

In any other case the section will, as we proceed to show, 
be a Parabola, Ellipse, or Hyperbola. 

Whatever be the position of the cutting plane with respect 
to the cone, we can always suppose a plane drawn through 
the axis of ‘the cone at right angles to it; and it will be 
convenient to have this latter plane represented by the plane 
of the paper as The cutting plane will therefore always 

be taken at right angles to the plane DOd of the paper. 
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Peop. I. 

^ 69. The curve formed by the intersection of the surface of 

a right cone with a plane (which neither passes through its 
vertex nor is at right angles to its axis) will be a Parohola, 
Elli^se^ or Hyperbola^ according as the inclination of the 
cutting plane to the axis of the cone is equal to, greater, or 
less tlia.n the constant angle which the generating line forms 
with the axis. 

Let the plane of the paper represent the plane drawn 
through tlie axis lOT of the cone at right angles to the 
cutting plane ; and let it intersect the surface of the cone in 
the two generating lines OD, Od, 

Let tlic cutting plane intersect the surface of the cone in 
the curve PA, and the plane of the paper in the line ANH. 

The curve will evidently be symmetrical with respect to 
this line. 

On AH take any point N, and through N draw a plane 
perpendicular to the axis meeting the surface of the cone in 
the circle IIP r, and the cutting plane in the line PN, which 
will be at right angles to the plane of the paper and to AN, 

Let a sphere be inscribed in the cone touching the cone in 
the circle EQe and the cutting plane in the point 8^ and let 
the plane EQe intersect the cutting plane in the line XM, 
which will be at right angles to the plane of the paper, and 
therefore parallel to PN 

Draw PM perpendicular to XM, and join P/8> PO, and let 
PO meet the circle EQem the point Q,^ 

Then since P8 and PQ are both tangents to the sphere, 
PS^PQ, 

But PQ — BE, 

.*. PS^RE, 

* N.B. In the figure, to avoid confusion, that part of the section which lies 
above the plane of the pap^r is alone represented. 
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But RE : XN :: AE : AX, [Euclid, VI. 2.) ' ’ 

SiXid.AE—A8, 

RE : XN i: AS : 

SF : PM y. AS : AX, 

.*. the curve PA is either a Parabola , Ellipse, ox Hyperbola, 
whose focus is S and directrix XM. 

Again, let AH meet the axis 0 1 in F. 

Then the angle ^AFO will he the inclination of the cutting 
plane to the axis. 

(1.) Let the angle AFO = the angle FOd \ 
then AH is parallel to Od, 

.*. the angle AXE = the angle OeE = the angle AEX, 
AE^ AX, 

.-.AS^AX, 

. the curve -4P.will be a Parabola. 

I 2 • 
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(2.) Let the angle AFOh(^> FOd) then 

the complement FXE is < the complement OEe^ 
the angle -4ZJ?is < the angle A EX, 

AEm < AX, 

• or A 8 is < AX, 

the curve -4Pis an Ellipse, 

Since the angles UFO, FOd are together less than HFO, 
OF A, i.e, than two right angles, the lines AH and Oe may 
he produced to meet in A\ 

If another sphere he described touching the cone in the 
circle E'Q'e' and the cutting plane in the poAit S' •; and the 
line X'iW' denote the intersection of the plane P'Q'e' with 
the cutting plane, and PM' he drawn at right angles to this 
line, it can easily he shown that 

S'P : PM' :: S' A' : AX', 

Hence S' and X'M' represent respectively the other focus and 
directrix of the ellipse. 

Also ii BG he the semi-axis minor, and through the centre 
C a line UOTT he drawn parallel to Ee meeting OB, Od 
in U and U', then it is evident that 

CU, CU'. 

(3.) Let the angle AFOho < FOd\ then 

the angle AftE is > the angle A EX, 

AE is > AX, 

ASis > AX, 

the curve PA is an Hyperbola, 

Since the angles AFO, FOd* are less than the two FOd, 
FOd', i.e, than two right angles, the lines FA and d 0 may 
he produced to meet in A', 

In this case the cutting plane will intersect the other half of 
the cone, and if any point P' he taken on this part of the 
curve, and P'if he drawn at right angles to XM, it can he 
shown as before that 

SP ; FM SA : AX, 
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The intersection of the cutting plane therefore with this 
portion of the cone will be the other branch of the hyperbola. 

Also if another sphere be described touching the upper 
portion of the c 9 nc in E'Q'e\ and the cutting plane in 
and the line X' M' denote the intersection of the plane 
E'Q'e' with the cutting plane, and P' M' be drawn at right 
angles to this line, it can be easily shown that 

S'P' : FM' :: 8' A : A'X\ 

Hence 8’ and X'M' will represent respectively the other 
focus and directrix of the hyperbola. 

Cor. 1. In this last case, {,e. when the section is an hyper- 
bola, if a plane OKL be drawn through the *vertox of the 
cone parallel to the cutting plane, meeting the plane of the 
paper in the straight line and the surface of the cone in 
the generating line OK ; then 

OL : OK :: OL : OP, 

:: AN : AP, 

y, AX : AE, {Euclid, VI. 2) 

:: AX : A 8, 

:: CA: C 8, {Ghap.m. ProjiAl,) 

where C is the middle point of AA\ and therefore the centre 
of the hyperbola. 

KOL is half the angle between tlie asymptotes. {Chap, 
III. Prop. XVI.) 

Again, if 7? (7 be the conjugate semi-axis, and be 

drawn parallel to Pr meeting OD', Od' in U and U\ then 

since CU : AC :: EL : OL, 

and GU : A'G :: rL : OL, 

CU. GV : AG^ :: RL . rL : OL\ 

:: KU: OIA\ 
hniBG^ : AC^ :: KE : 0L\ 

J5(7*= GU, GU. 

Cor. 2. If the cutting plane is parallel to the axis, OL and 
01 coincide. 



120 


CfONIC SECTIONS, 


d' 



In this case half the angle between the asymptotes of the 
hyperbolic section is equal to the constant angle DO I, and 
we can at once see that OC is the semi-conjugate axis. 

This affords a convenient method of obtaining a pair of 
conjugate hyperbolas. 

Draw Oi at right angles to 0/in the plane of the paper, 
and let another cone be formed by supposing OD to revolve 
round Oi in such a manner that the angle DOi is the same 
in all positions, and equal to the complement of DOI. 

Then if through any point A on the common generating 
line OD we draw two planes at right angles to the plane of 
the paper, and parallel respectively to OI and Ot, they will 
cut the cones in two hyperbolas, whose semi-transverse axes 
will be respectively AC^ 0(7, and whose semi-conjugate axes 
will be respectively OCj AC, and which therefore will be 
conjugate to each other. 



PROBLEMS ON THE SECTIONS OF THE CONE. 


1. The foci of all parabolic sections which can be cut from 
a given right cone, lie upon the surface of another cone. 

2. The foci of all elliptical sections of a given right cone, 

in which the ratio of GAtoCS is the samc,isvill lie on two 
other cones. * 

3. The extremities of the minor axes of the elliptical sec- 
tions of a right cone made by parallel planes, lie on two 
generating lines. 

4. The latus rectum of a parabola cut from a given cone 
varies as the distance between the vertices of the cone and 
the parabola. 


5, Under what conditions is it possible to cut an equilateral 
hyperbola from a given right cone ? 

6. Two cones whose vertical angles are supplementary are 
joined as in Art. 69, Cor, 2. Prove that the latera recta of 
the curves of section of the cones, whose axes are respectively 
01 and Oi, made by planes parallel or perpendicular to the 
plane of the axes, are in the duplicate ratio of Oi \ OL 



ADDITIONAL PROBLEMS. 


1. Show that the part of tlie directrix of a parabola, inter- 
cepted betweeirthc perpendiculars on it from the extremities 
of any focal chord, subtends a right angle at the focus. 

2. The locus of the foci of all parabolas touching the three 
sides of a triangle is a circle. Prove this, and give a geo- 
metrical construction for finding the centre. 

3< A system of parabolas which always touch two given 
straight lines have their axes parallel ; show that the locus of 
the foci is a straight line. 

4. Prove that the locus ^ait the foot of the perpendicular 
from the focus of a parabola on the normal is a parabola. 

5. If S be the focus of a parabola which touches the sides 

AB, AC of the triangle ABC at the points B, C, and 0 the 
centre of the circle described about the triangle ; prove that 
the angle is a right angle. 

6. From the focus of a parabola a straight line is drawn 
parallel to the tangent at any point F, meeting the diameter 
through P in F' ; show that the tangent drawn from P to any 
circle passing through F' is equal to one-half of the ordinate 
QV^ F being the second point in which the circle cuts the 
diameter through P. 

7. PSp is a focal chord, and upon PS and p 8 as diameters, 
circles are described ; prove that the length of either of their 
common tangents is a mean proportional between A 8 and Pp. 
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8. If ^ be a chord of a parabola through the vertex 
and QB be drawn perpendicular to to meet the axis in 
li; prove that will be equal to the chord through the 
focus parallel to A Q, 

9. The locus of the vertices of all parabolas, which have a 
common focus and a common tangent, is a circle. 

10. Two parabolas have a common- axis and vertex, and 
their concavities turned in opposite directions; the latus 
rectum of one is eight times that of the other ; prove that the ■* 
portion of a tangent to the former, intercepted between the 
common tangent and axis, is bisected by the lazier. 

11. B is a point on a radius OA of a circle, whose centre 
is 0. On OA produced a point G is taken, such that 
OB . OC = OAi If P be any point on the circumference 
of this circle, B the middle point of PP, and Q the point of 
intersection of AB, GB\ prove that the locus of is a 
circle. 

12. If from the middle point of a focal chord of a parabola 
two straight lines be drawn, one per})cndicular to the chord 
meeting the axis in G, and the other perpendicular to the 
axis meeting it in show that NQ is constant. 

13. A circle is drawn touching the axis of a parabola, tlie 
focal distance of a point P, and the diameter through P. 
Show that the locus of its centre is a parabola with vertex 
and latus rectum equal to A S. 

14. If from the point of intersection of the dirbetrix and 
axis of a parabola a chord XPQ be drawn, cutting the 
parabola in P, Q) show that the rectangle contained by the 
ordinates 5f P^ is equal to the square of one-half the latus 
rectum. 

15. Find the locus of the centre of a circle which touches 
a given circle and a given straight line. 

16. Given one point of contact of a parabola with three 
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tangents given in position, find the two other points of 
contact. 

17. The triangle ABC circumscribes a parabola whose 
focus is S, Through A, B, (7, lines are drawn perpendicular 
respectively to SA^ SB, ISC, Show that these lines pass 
through one point. 

18. From the focus a line is drawn parallel to the tangent 
at P, meeting the parabola at Q. QN is an ordinate, and the 
tangents at P and Q meet the axis in T and P'. Prove that 
8N^ = 4 A T . A T\ and that if the diameter at P meet S Q 
in E, the locu^of P is a parabola, whose latus rectum is half 
that of the given parabola. 

19. P is any point in a parabola ; through 8 aline is drawn 
at right angles to the axis, meeting the chord J.P oy A P 
produced in R, Prove that 8K , SR ^2 8Y^, where 8Y is 
the perpendicular on the tangent, and SK on the normafl, 

20. From the focus ^ of a parabola 8K is drawn, making a 
given angle with the tangent at P. Show that the locus 
of K is that tangent to the parabola which makes with the 
axis an angle equal to the given angle. 

21. P8Q is a focal chord of a parabola, AP' ^ parallel 
chord meeting the latus rectum in Q' ; prove that AP ' . AQ' 
= 8P, SQ, 

22. The circle of curvature at any point of a parabola 
whose abscissa AN cuts the axis in U and IP, Prove that 
AU.AU^=3AN\ 

23. AB is a diameter of a circle. From any point Q in 
the circumference a tangent QP is drawn, and from P a per- 
pendicular PN is let fall upon AB, Show that if P be 
always taken so that QP is equal to A N, the locus of P will 
be a parabola. 

24. If a tangent be drawn firom any point of a parabola to 
the circle of curvature at the vertex, the length of the tangent 
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will be equal to the abscissa of the point measured along the 
axis. 

25. To two parabolas which have a common focus and axis 
two tangents are drawn at right angles ; the locus of their 
intersection is a straight line parallel to the directrices. 

26. If any three tangents be drawn to a parabola, the circle 
described about the triangle so formed will pass through the 
focus, and the perpendiculars from the angles on the opposite 
sides intersect m tne directrix. 

27. A parabola touches one side of a triangl^*in its middle 
point, and the other two sides produced. Prove that the per- 
pendicular drawn from the angles of the triangle upon any 
tangent to the parabola are in harmonical progression. 

28. Two equal parabolas have the same axis and vertex, 
but are turned in opposite ‘directions ; chords of one parabola 
are tangents to the other. Show that the locus of the middle 
point of the chords is a parabola whose latus rectum is one- 
third of that of the given parabola. 

29. Two equal parabolas have the same focus, and their 
axes are at right angles to each other, and a normal to one of 
them is perpendicular to a normal of the other ; prove that 
the locus 01 the intersection of such lines is a parabola. 

30. Show that in every ellipse there are two equal conju- 
,gate diameters, coinciding in direction with the diagonals of 
the rectangle, which touches the ellipse at the extipmities of 
the axes. 

31. If a circle be described through the two foci of an 
ellipse, cutting the ellipse, show that the angle between the 
tangents to this circle, and to the ellipse at either point of in- 
tersection, is equal to the inclination of the normal to the 
ellipse to the axis minor. 

32. The points in which the tangents at the extremities of 
the transverse axis of an ellipse are cut by the tangent at any 
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point of the curve, are joined one with each focus ; prove that 
the point of intersection of the joining lines lies in the normal 
at the point. 

33. The external angle between any two tangents to an 
ellipse is equal to the semi-sum of the angles which the chord 
joining the points of contact subtends at the foci. 

34. The tangent to an ellipse at any point P is cut by any 
two conjugate diameters in P, and the points P, t are joined 
with the loci /S', /S' respectively; prove that the triangles 
SPT^ S' Ft 9 ,re similar to each other. 

f 

35. P is any point on a fixed circle, the centre of which 
is 0; P is a fixed point without the circle; an ellipse is 
described with centre 0 and area constant so as always to 
touch EP at P. Find the locus of the extremities of the 
diameter conjugate to OP. 

36. The normal at any point P of an ellipse cuts the axes 
in 6r, g ; prove that if any circle be dcscribea passing through, 
O, the tangent to it from P is equal to GD, 

37. Given a focus, a tangent, and the eccentricity * of a 
conic section ; prove that the locus of the centre is a circle. 

38. A straight line is drawn through a given point C 
within a circle to cut it in P, P. If p is taken in it such that 
Op* = OP. OP, find the locus of p. 

39. In the ellipse PY . PY' : PA? :: 0/S* : PO* and 
SY. CD^SP.PG. 

. 40. Show that if the distance between the foci of the 

ellipse be gieater than the length of its axis minor, there will 
be four positions of the tangent, for which the area of the 
triangle, included between it and the straight lines drawn from 
the centre of the curve to the feet of the perpendiculars from 
the foci on the tangent, will be the greatest possible. 


The ratio oi 8 A : A X, or of CS : CA, is caUed the eccentricity. 
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' 41. Two conjugate diameters of an ellipse are cut by the 
tangent at any point P in N; prove that the area of the 
triangle C PM varies inversely as that of the triangle CPN. 

42. Circles are described on SY, S'Y' as diameters, 
cufting SP, /S'T respectively in Q, Q\ Prove that SQ . S'P 
= SP\ S'Q' = BCi 

43. PSP, pSp' are any two focal chords of a conic section, 
Psiiidp being on the same side of the axis; prove that Pp, 
P'p' meet on the directrix. 

44. Prove that an ellipse can be inscribedjm any parallelo- 
gram so as to touch the middle points of the four sides ; and 
show that this ellipse is the greatest of all inscribed ellipses. 

45. If from any point on the exterior of two concentric, 
similar, and similarly placed ellipses, two tangents be drawn 
to the interior ellipse which also intersect the exterior ; show 
that the distance between the points of intersection will be 
double of that between the points of contact. 

46. The tangent at any point P in an ellipse, o-f which 8 
and 11 are the foci, meets the axis major in T, and TQB 
bisects HP in Q, and meets 8P in R ; prove that PR is one- 
fourth of the chord of curvature at P through 8. 

47. Prove that the distance between the two points on the 
circumference of an ellipse at which a given chord, not passing 
through the centre, subtends the greatest and least angles, is 
equal to the diameter which bisects that chord. 

48. From any point on the auxiliary circle chords are 
drawn through the foci of an ellipse, and straight lines join 
the extremities of the chords with the extremity of the 
diameter passing through the point; prove that these lines 
will touch the ellipse. 

49. A quadrilateral circumscribes an ellipse. Prove that 
either pair of opposite sides subtends supplementary angles 
at either focus. 
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50. Two tangents to an ellipse intersect at right angles ; 
show that the straight line joining their point of intersection 
with the point of intersection of the normals at the points of 
contact passes through the centre. 

51. P, Q are points in two confocal ellipses, at which the 
line joining the common foci subtends equal angles ; prove 
that the tangents at P, Q are inclined at an angle which is 
equal to the angle subtended by PQ at either focus. 

52. Tangents to an ellipse are drawn from any point in a 
circle through /.he foci; prove that the lines bisecting the 
angle between the tangents, all pass through a fixed point. 

53. If the ordinate at P meet the auxiliary circle in 
and C Q meet the ellipse in P, then CR is equal to the per- 
pendicular on the tangent at P from (7. 

54. If P be a point such that SP, /S' Pare perpendicular; 
prove that CD'^^2.BC\ 

55. If oircles be escribed to the triangle 8 PS* opposite to 
the angles 8 and 8 * ; prove that the rectangle contained by 
their radii is equal to B C^. 

56. The circle of curvature at any point P of an ellipse 
meets the focal distances in P, P' ; SU is vl tangent to the 
circle. 

Prove that SIP : 81^ :: 2 . 8P - S . A C : A C, 

and if PP' passes through the centre of tlie circle of cur- 
vature, CP = C 8. Determine the limits of possibility in 
both cases. 

57. A straight line is drawn from the centre of an ellipse 
meeting the ellipse in P, the circle on the major axis in Q, 
and the tangent at the vertex in T. Prove that as CT ap- 
proaches and ultimately coincides with the semi-major axis, 
FT and Q Twee ultimately in the duplicate ratio of the axes. 
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58. A straight line is drawn through the focus S of an ellipse 
meeting the two tangents at right angles to it in Y and Z, the 
diameter parallel to thfese tangents in and the directrix in 
M ; prove that 

‘ ‘ SL : 8Y :: 8Z : 83f. 

59. If any equilateral triangle PQR he described in the 
auxiliary circle of an ellipse, and the ordinates to P, R meet 
the ellipse in P\ Q\R' ; the circles of curvature at P', Q', R\ 
meet in one point lying on the ellipse. 

60. From a point T two tangents PP, TQ are drawn to an 

ellipse. Show that a circle with T as centre ci!ii be described 
so as to touch 8P^ 8'P^ 8 8' Q. 

61. If the normal at P meet the axis minor in g, and if the 
tangent at P meet the tangent at the vertex A in V; show 
that 

8^ : -80 :: PF : VA. 

62. If a circle passing through Y and F' touch the major axis 
in Qj and that diameter of the circle which passes through Q 
meet the tangent in P; show that PQ = PC. '^{8ee Jig. 
Prop. XV.) 

63. If PG the normal at P cut the major axis in 6r, and if 
DR, PN be the ordinates of D and P, prove that the tri- - 
angles PGN, DR G are similar ; and thence deduce that PO 
bears a constant ratio to CD, 

■v 

64. The tangent at a point Pof an ellipse meets the tangents 
at the vertices in F'. On FF' as diameter, a circle is 
described which intersects the ellipse in Q, Q' \ show that the 
ordinate of Q is to the ordinate of P as P C to BG + CD ; 
where CD is conjugate to CP. 

65. POP' is any diameter of an ellipse ; tfie tangents at any 
two points E and E’ intersect in P; PE\ P'E intersect in 
G. Show that PO is parallel to the diameter conjugate to 
PCP\ 
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66. If Pbe any point on an ellipse, "land with Pas centre and 
the semi-axis minor as radius a circle be described; prove 
that if P6r^ be the normal, a circle described on as 
diameter will cut the first circle at right angles. 


67. ABC is an isosceles triangle having AB = AG. 
BD, BE drawn on opposite sides of B 0, and equally inclined 
to it, meet AG in D and P. 

68. If an ellipse be described about BDG having its minor 
axis parallel to BG; then AB will be a tangent to the 
ellipse. 

69. If -4 Q be drawn from one of the vertices of an ellipse 
perpendicular to the tangent at any point P; prove that the 
locus of the point of intersection of F8 and QA produced 
will be a circle. 


70. If Y, Y' be the feet of the perpendiculars from the foci 
of an ellipse on the tangent at P; prove that the circle cir- 
cumscribed about the triangle YNY’ will pass through (7. 


71. Prove that the angle between the tangents to the 
auxiliary circle at F, Y\ is the supplement of the angle 
SPS\ 


72. P is any point on an ellipse ; PM, PN perpendicular to 
the axes meet respectively, when produced, the circles described 
on the axes as diameter in the points Q, Q'. Show that QQ' 
passes through the centre. 


73. Assuming that the greatest triangle which can be in- 
scribed in a circle is equilateral, prove by the method of 
projection, that tfie greatest triangle which can be inscribed 
in an ellipse has one of its sides bisected by a diameter of the 
ellipse, and the others cut in points of bisection by the 
conjugate diameter. 
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74. is a chord of an ellipse, normal at P, LCL^ the 
diameter bisecting it. Show that FQ bisects the angle LPF, 
and that LP + iP is constant. 

75. A tangent to an ellipse at a point P intersects a fixed 
tangent in P; if through the focus a line be drawn perpen- 
dicular to 8 T meeting the tangent to P in Q\ show that 
the locus of Q is a straight line touching the ellipse. 

76. In an ellipse if a line be drawn through the focus 
making a constant angle with the tangent ; prove that the 
locils of the point of intersection with the tangept is a circle. 

A 

77. Any chord PP' of an ellipse is produced to a point Q, 
such that F Q is equal to half the diameter parallel to PP', 
and QR'R is drawn through the centre to meet the ellipse in 
R^ R’ \ show that the area PCR is three times the area 
PGB. 


78. In an ellipse, L is the extremity of the latus rectum, 
and CD conjugate to CL. If a circle be described with centre 
G and passing through P, and a line be drawn through D 
parallel to the major axis, the portion of this line which lies 
within the circle will be equal to the latus rectum. 

79. If P be any point in an ellipse, and K the point in 
which a normal at P intersects a line at right angles to it 
through S’ yE the point of intersection of SP, and the diameter 
conjugate to OP, and if EK and GK be joined, each of the 
figures 8 CKE, S'GEK will be a parallelogram. 

80. If Pbe a point on the axis A A' produced, and PN the 
ordinate of the point where the tangent firom T touches the 
ellipse ; prove that 

AN , A'N: AT. A’T i: GN : GT. 

81. Given in an ellipse a focus and two tangents; prove 
that the locus of the other focus is a straight line. 

k.2 
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82. A focus, a tangent, and the axis major being given, 
prove that the locus of the other focus is a circle. 

83. A focus, a tangent, and the axis minor being given, 
prove tliat the locus of the other focus is a straight line. 

84. An ellipse touches a fixed ellipse and has a common 
focus with it ; if the major axis be fixed, the locus of the 
other focus is a circle ; if the minor axis is fixed, the locus is 
an ellipse. 

85. An ellipse and a parabola have a common focus. Prove 
that the ellipse either intersects the parabola in two points, 
and has two colnmon tangents with it, or else does not cut it. 

8G. If in the ellipse a focus, a point, and the axis minor be 
given, the locus of the other focus is a parabola. 

87. If at the extremities P, Q of any two diameters CP, 
CQ of an ellipse, two tangents Pp, Qqhe drawn cutting each 
other ill P, and the diameter produced in p and q, then the 
areas of the triangles T Qp, TPq are equal. 

88. If a straight line CN be di'awn from the centre to 
bisect that chord of the circle of curvature at any point P of 
an ellipse, which is common to the ellipse and circle, and if it 
be produced to cut the ellipse in (?, and the tangent in T ; 
prove that CP ^ GQ, and that each is a mean proportional 
between CN and C T. 

89. A parabola of given latus rectum is described touching 
symmetrically two conjugate diameters of an ellipse ; find the 
locus of the focus. 

90. An ellipse is described so as to touch the three sides of 
a triangle *, prove that if one of its foci move along the cir- 
cumference of a circle passing through two of the angular 
points of the triangle, the other will move along the circum- 
lerence of another circle, passing through the same two angular 
points. Prove also that if one of these circles pass through 
the centre of the circle inscribed in the triangle, the two circles 
will coincide. 
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91. A triangle is described about an ellipse, so that the 
extremities of one of its sides lie in an ellipse, confocal with 
the given one ; prove that the line bisecting the opposite angle 
passes through .the pole of that side with respect to the outer 
ellipse. 

92. Prove the following construction for a pair of tangents 
from any external point T to an ellipse of which the centre is 
C. Join GT\ let TPCP'1\ a similar and similarly situated 
ellipse, be drawn, of which GT a diameter, and, P, F its 
points of intersection with the given ellipse; TP, TP' will 
be tangents to tlie given ellipse. 

93. The locus of the foci of all ellipses inscribed in the 
same parallelogram is a rectangular hyperbola. Prove this, 
and -give a geometrical construction for finding the asymp- 
totes. 

94. -4(7 is a fixed diameter of a circle, ABGD a quadri- 
lateral figure inscribed in the circle ; prove that if the angles 
BA G, DAG ho, complementary, the locus of the intersection 
of BA, GD will be an hyperbola. 

95. Prove that a circle can be described so as to touch the 
four straight lines drawn from the foci of an hyperbola to any 
two points on the same branch of the curve, 

96. Any three diameters of an ellipse LL', MM', NN', 
being taken, a circumscribing parallelogram ItTUV touches 
the ellipse at L, IJ, M, M', Show that a conic section can be 
described through the points B, T, U, V, N, N', which will 
be an hyperbola whose asymptotes are the lines forming in 
the ellipse the diameters conjugate to NN' and to the other 
common chord of the ellipse and hyperbola. 

97. On opposite angles of any chord of a rectangular 
hyperbola are described equal segments of circles ; show that 
the four points in which the circles to which these segments 
belong again meet the hyperbola, are the angular points of 
a parallelogram. 
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98. A triangle is inscribed in a rectangular hyperbola; 
prove that the circle described through the middle points of 
the sides of the triangle passes through the centre of the 
hyperbola. 

99. ACB is an isosceles triangle; AB the base, aiid D 
any point in CB or CB produced : if JBZ be drawn parallel 
to ADy meeting CA or GA produced in Z, prove that the 
middle point of 1)Z will be in an hyperbola whose asymp- 
totes are CA^ CB, 

100. An eljipse and hyperbola arc described so that the 
foci of each are<dt the extremities of the transverse axis of the 
other ; prove that the tangents at their points of intersection 
meet the conjugate axis in points equidistant from the centre. 

101. In a rectangular hyperbola, PA, PL arc drawn at 
right angles to u4'P, AP respectively, to meet the transverse 
axis in K and L ; prove that PA is equal to A P and KL to 
AA\ and the normal at P bisects KL, 

102. In a rectangular hyperbola PO is a fixed diameter, 
Q any point on the curve ; show that^the angles QPO, Q OP 
differ by a constant angle. 

103. If the tangent at any point P of an hyperbola cut an 
asymptote in P, and if SP cut the same asymptote in 
then 8Q = QT. 

104. If a given point be the focus of any hyperbola, passing 
through a given point and touching a given straight line, 

E rove that the locus of the other focus is an arc of a fixed 
yperbola. 

105. If a series of conics be described having equal latera 
recta, the focus of a given parabola as their common focus, 
and the tangents to the parabola as their directrices; the 
common tangents to any two of the series will intersect in 
the directrix of the parabola. 
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106. At any P of an hyperbola a tangent is drawn, 
and PQ taken on it in a constant ratio to CD', prove that 
the locus of Q is an hyperbola. 

107. If an hyperbola be described touching the four sides 
of a quadrilateral inscribed in a circle, and one focus lie on a 
circle, the other focus will also lie on this circle. 

108. In an hyperbola, supposing the two asymptotes and 
one point of the curve to be given in position, show how to 
construct the curve ; and find the position of the foci. 

109. If A, D be two fixed points, and tBfc angle PAD 
always exceed PDA by a given angle ; find the locus of P, 
and the position of the transverse axis and asymptote. 

110. From the middle point D of the base AB oi the 
triangle ABC a straight line EDE' is drawn, making a 
given angle with A B, and the points E, E' are taken so that 
ED E' D = ^ AB, If CA, GB take all possible positions 
consistent with the condition that the difference of the angles 
GAB, CBA is equal to EDA ; prove that the point G will 
trace out a rectangular hyperbola of which AB, EE' arc 
conjugate diameters. 

111. In the rectangular hyperbola, prove that the triangle, 
formed by the tangent at any point and its intercepts on the 
axes, is similar to the triangle formed by the straight line 
joining that point with the centre, and the abscissa and semi- 
ordinate of the point. 

112. Tangents are drawn to an hyperbola, and the portion 
of each tangent intercepted by the asymptotes is divided in a 
constant ratio ; prove that the locus of the point of section is 
an hypenbola. 

113. Show that the point of trIsection of a series of con- 
terminous circular arcs lie on branches of two hyperbolas 
and determine the distance between their centres. 
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114. From a point E on one asymptote EE drawn 
touching the hyperbola in and ET, EV are drawn 
through E^ parallel to the asymptotes, cutting a diameter in 
T and F; i? Fis joined, cutting the hyperbola in P, p : show 
that TP, Tp touch the hyperbola. 

115. Given in the ellipse a focus and two points, the locus 
of tlie otlier focus is an hyperbola. 

116. If a rectangular hyperbola passes through three given 
points, the locus of its centre is a circle, which passes through 
the middle points of the lines joining the three given points. 

r 

C 

117. If the tangent at P meet one asymptote in T, and a 

line drawn parallel to the other asymptote to meet the 

curve in Q\ prove that ifP^ be joined and produced both 
ways to meet the asymptotes in E and E, EE will be 
trisected at the points P and Q, 

t 

118. If two concentric rectangular hyperbolas have a 
common tangent, the lines joining their points of intersection 
to their respective points of contact with the common tangent 
will subtend equal angles at their common centres. 

119. If TP, TQh^ two tangents drawn from any point T 
to touch a conic in P and Q, and if S and S' be the foci, then 

8T^ : ST :: SP , SQ : SP. SQ. 

120. The circle of curvature at the vertex of a conic meets 
the axis again in D, and a tangent is drawn to the circle at 
P : if two tangents be drawn to the circle from any point in 
the conic they will intercept between them a constant length 
of the former tangent. 

121. A family of hyperbolas is described about, a given 
triangle ; prove that if one of the asymptotes always passes 
through a fixed point the other will always touch a fixed 
conic section to which the three sides. of the triangle are 
tangents. 
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122. If the lines which bisect the angles between pairs of 
tangents to an ellipse be parallel to a fixed straignt line, 
prove that the locus of the points of intersection of the 
tangents will be a rectangular hyperbola. 

1^3. An hyperbola, of given eccentricity, always passes 
through two given points ; if one of its asymptotes always 
pass through a third given point in the same straight line 
with these, prove that the locus of the centre of the hyperbola 
will be a circle. 

124. Ay P and Q are points taken respectively in two 
parallel straight lihes, A and B being fixed, and P, Q variable. 
Prove that if the rectangle APBQ be constant, the line PQ 
will always touch a fixed ellipse or a fixed hyperbola, ac- 
cording as P and Q are on the same or opposite sides of 
AB, 

• 

125. If two plane sections of a right cone be taken, having 
the same directrix, the foci corresponding to that directrix lie 
on a straight line which passes through the vertex. 

126. Give a geometrical construction by which a cone may 
be cut so that the section may be an ellipse of given eccen- 
tricity. 

127. Given a right cone and a point within it, there are 
but two sections which have this point for focus ; and the 
planes of these sections make equal angles with the straight 
line joining the given point and the vertex of the cone. 


128. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the 
axis, prove that the curve of projection will be a conic section, 
having its focus at the point in which the axis meets the 
plane of projection. 

129. If P be the point where the major axis of an elliptic 

h 
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section meets tlic axis of the cone, and C be the centre of the 
section ; prove that 

CF : as :: AA : AO + A 0, 

0 being the vertex of the cone. 

1 30. Two intersecting right cones have the same axis, and 
the vertical angle of the interior is equal to that of an equi- 
lateral triangle ; show that the vertex of tlie interior cone is a 
focus of all sections of the exterior made by planes touching 
the interior. 


THE END. 


n. OLAY, BON, AND TAYLOR, PRINTERS, BREAD STREET HILL. 
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1. I 

Arithmetic & Algebra 

In tlioir rnuciplcs ainl Applications. 

IVith iiHmvyofh\ am2)If‘s^ systcmat- 
'tcaUy at'! anyvd. • 

Kij;lilli Edit. ()^)() pp. (18()1), ('r. 8vo. 
strongly bound ni <‘lotli. l()<v. (k/. 

■J'hc' first oditioii of tins work was imhlishod 
in is:» 4 . It w.is ]>i i/ii.inly intoiulod for 
tlio iiso of stnilonts n,i tho Unix oi Mtics, 
and foi S( liools which int'iiait* for the 
Ihiivri sitics. It h.is Ihiwovim hoon found 
to moot tho ie(\inipnirnts tif a much 
lartrri class, and is now c\tonsiv<dy used 
in Srlnio/s and Colletfvs hof.li a 1 honte and 
in the ('o/o?)h‘t<. It ha‘> also l)t*on found 
of {ricat SOI VICO for studi’iits propanii}' 
lor tin* ]\Ii i»TH-v-( 'i vss and (Jix'ii, axi> 
Mil iiAHY Si.Hvn'v F-v \MiN V'l nms, ti<iin 
fho oaro that has hoon t.ikon to olnonlato 
the 70 inciplrs of all l 4 io llidos. 'J'csti- 
monv ol Its CNOollonco has boon borne 
srnnoid'tlie liif^host jnaotioal and theo- 
retical authoiities, ol whicli tin* follow - | 
mg fiom the late DRAX l’RA(.X)CK may I 
be takoii as a speeiiiii'n : * j 

“Mr. Smith’s Woik is a most useful | 
publication. 'I'lie llules aie stated with 
great ekai ness. The K\ainples are well 
selected and worked out wnth just suffi- 
eient detail without being encuinbered by 
too mimito exiilanations ; and there pre- 
vails throughout it that just proportion of 
theort and practice, wdiich is the crown- 
ing excellence of an eleiiiontary work.” 
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ing {SoliitioiiK to all iLo (Questions 
in the latc^st Edition. Crown Svo. 
cloth. 392 pp. vSecond Edit. S.s. Or/. 

To meet a widely expiessed wisli, tin* 
AUITIIMETIC was publislied seiiaialeh 
from the largrr w'ork m IHril, with so 
iiuch alteration as was necessarv to make 
t (piite independent of the AhCElUl \. it 
las now a very huge sale in all classes of 
schools at home and in the Colonies. A 
•opious eolleetioTi of Examples, iiiid(*i 
-•ach 1 life, lias hc'eii embodied in tiie w ork 
11 a s,x steniatie order, and a Collection of 
Miscellaneous Papers 111 all branches of 
! Arithmetic is aiipemled to the hook. 

I 

4 . Exercises in Arith- 
metic. 104 pp. Cr. Svo. (ISOO'i 
26-. Or with Answiuis, 2v. 
Also sold soparaloly in 2 Pads 
Is. caeh. Answers, ikl. 

These EXERCISES luive been published 
in order to give the pn])il examphs in 
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Fellow and I’rindpal Matlicniatical lecturer oi St. Jokn’h Collepo, Canibridgro- 


1. Algebra. 

Tor the Use of Colleges and Schools. 

Third Edition. 542 j)!). (1802). 
Strongly bound in cloth. 7«. 0^/. 

I’liis work contains all the propositions 
which arc u.soall> included in elemental y 
treatises on Algebra, and a luige nuiuher 
ol Kjramplrs Jtn J'lxrynsr. The author 
lias sought t<» rendei the work easily in- 
lelligihh' to studen^ without impairing the 
aceuiaey of the demonstrations, oi eou- 
1i acting the limits ol‘ the subject. The 
l]\amples ha\e been selected m ith a view 
to illustrate every pait of the subjet t, and 
us the nuinlK'r ol them is about iStxiven 
hiintirod and Jiff g, it is hopetl they vill 
vuiiiily ample exeicise for the student. 
I'iach set of J'lxamjiles has been earetull> 
.11 ranged, eommeneing iiith verv simple 
exeicises, and jiroeeeding gradually to 
those which are less obvious. 


2. Plane Trigonometry 

For Schools irnd Colleges. 

2iidEdit. 270 pp. (1 8G0). Cm. <Svo. i 
Strongly hound in cloth. 5.v. ' 

'I’he de ugn of tliis work has been to reii- | 
del the suhjeet intelligible to beginners, 
and at the same time to atford the stiulent 
the opportunity of obl.iiniiig all the iiitor- 
mation w hicli lie wall reipure on this branch 
«jt .Matbematie.s. JCacb chaiiter is followed 
h\ a sc't ot Examples; those winch are 
ciititled M larrllaneovs JUxtimpIes, together 
with a few in some of the other sets, maj 
be advantageously reserved by the student 
for exeicise after’ he has made some pio- 
gre.ss in the subject As the Text and Ex- 
amples have been tcsteil by considerable 
exiierioneo in teaebmg, the lio])e is enter- 
tained that they wall be suitable t or impart- 
ing a sound and eonipreliensive knowledge 
of ITaiie 'trigonometry, togethei with 
rt'adiness in the apjiheation ol this know- 
ledge to the solution ot jirobleius. In the 
Second Edition the hints for the .sidutiou 
oi the Examples have been considerably 
increased. 


3. Spherical Trigonometry, 

For Ihe Use of Colleges and Schools. 

112 pp. Crow-n 8vo. (18f59). 
Strongly bound in cloth. 4*?. (Sd. 

This vrork is constructed on the same 
plan as tlio 'J’reatise on Plane Trujono- 
metrif^ to w hich it is intended as a seiiuel. 
t'oiisiderabU' labour has been expended 
on the text in order to render it coiupre- 
lieiiHive and accurate, aud the Examples, 
wliudiluuebeen chiefiv selected troni Tni- 
versiU aud College Papers, have all been 
carefully verifu'd. 

The Elements of Euclid 

For the Use of Schools and Colleges 

CouiMtisixo Mil. ITkst Six Hook.s am* 
PoillIONS OV riTli. KllMNTll AM) 
'rWI.Ll'llI ItOOKS, W’lTU NOThS, AP- 
IM.NinX, AND I'ixElUlSVS. 

384 i>p. iSmo. bound. (1802). 3?. 0// 
As tlu Elements ol Euclid are usually 
placed 111 the bands of young students, it 
IS important to exhibit the work iu such 
a foiiu as will assist them in overeommg 
the ditlieulties which thei expenenei' on 
their tiiHt introduction to iu'oeesses ol eon- 
Imiious argument. No method upiiears to 
he .so iiselul as that of breaking u}) the 
demonstrations into their constituent jiuits, 
and this plan has been adojiti d in tin 
piesMit edition. I'laeh distinet .isscrtion in 
the aigument begins a new line, ami at 
the eiul of the lines are jilaced the iiect'ssai y 
references to the pieeedmg ])rim*iples on 
wTiicli the assertions di’pend. The longer 
l)r<)j) 0 '-itions are distributed into subordi- 
nate parts, which ar(> distinguished hi 
bleaks at the beginning* ot the lines. The 
Notes ai(‘ hitemled to indicate aud ex]ilain 
the jirmcipal ditheultics, and to snjiijly the 
most mipoiTaut inferences which can be 
drawn from the propositions. 'Tlit' work 
hnishes with a collection of Six hundred 
and tn enty-jwe Pxernset,, w Inch hai e been 
selected pimcipally trom C.’ambridj^e Ex- 
amination pai>er8 sind haxe been tested b\ 
long experience. As far as possible they 
aie ananged m order of difficulty. The 
Figures w'lll be fomid to be large and dis- 
tinct, and have been rcpeatixl when noccs- 
.^arx, so that they always oecui m iimnedi- 
alc’coniie.\ion with the corresponding text. 
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. . 5. 

TJlie Integral Calculus 

And its Applications. 

"Willi imincrous Examples. 

Second Edition. 342 pp. (1862). 

Crown 8v(i. cloth. 10.v. {\d. 

In •writinj; the prcbcnt Treatise on the 
lutvfp'at the object has been to 

prociuce u Mork at once c'lemeiitiiiy and 
complete — ad!ii)ted toi tlie use ol bet^iniiers, 
and Kiifficient lor the wants ol adv'aneed 
students. Tn the selection ot the piopo- 
sitions, and in the mode of estahhshiinr 
them, the authoi' h.is endeavoured to v%~ 
hibit fully and clearly the pnneijiles of 
the subiect, aiul to illustrate all their most 
important results. In order that the stu- 
dent maj hnd in the volume all that he 
reijuires," a l<n {^'■e collection of Mxamiiles 
for exercise has been apiiended to the 
different ehajitors. * 

6. Analytical Statics. 


8. Tlie 

Differential Calculus. 

int/i numerous Examples. 

Third Edition, 398 pp. (1860). 
Crown 8vo. cloth, lO.v. iSd. 

This work is intended to exhibit a com- 
prehensiA’-o new of the Diftercntial Calcu- 
lus on the method of Limits. In the more 
elementary ])ortions, explanations have 
boon fiiAH'n m eonsiderable detail, with 
the hoi»e that a reader who is without the 
assistance of a tutor inity be enabled to ae- 
qmn* a competent atquuintunee with tlie 
I suhjoet. More than one investufation of 
a theorem has been frcHpicntlv Riven, 
hoeause it is beluwed that the student di‘- 
inves udvantaffe from "licwinR the same 
jiroposiiion under different asiiects, and 
that 111 order to succeed in the examina- 
tions wdiieh he maj have to undergo, he 
should be prejiared lor a eonsiderable va- 
riety in the ordei of arraiiRinj^ the several 
hiaiiehes of the subject, and foi a corres- 
pondinjf variety in the mode of demonstra- 
tion. 


With numerous Exantplcs. 
Second Edition. 330 pp. (1858). 

Crowm 8 VO- cluth. lO.s. (Sd. \ 

In this w’ork will be found all the iiro- 
pohitions which usually ajiiieai in treatises 
on 'J'heoretical Status. 'J'o the ditfeient , 
chapters Kvauiiiles are ap]>ended, which 
have been selectml piineipally troiu the 
University and (’olleRO Kxamiuatum l*«i- 
I>ers ; these w ill turuish ample exeicise in 
the application of the imnciples of the 
subject. 

7. EXAMPLES OF 

Analytical Geometry 
of Three Dimensions. 

76 pp. (1858). Cm. 8vo, cloth. 4s. 

A collection of examples in illustration 
of Analytical Geometry of Three Dimen- 
sions has Ions been retpiired both by 
students and teachers, and the jirescnt 
work is published with the view ol sup- 
plying the w’unt. 


9. Plane Co-Ordinate 
Geometry 

AS .AlTldEI) TO THE STIUIOHT LINE 
AxNH THE VmU) SECTIONS. 

irifh numerous Examples. 
Third and Cii caper Edition. 

Crn. 8vo. el. 326 pp. (1862). 7s. 6c?. 

This Treatise exhibits the subject in .i 
i .simjde iiianucr for the benefit of beginners, 

1 and at the same time includes m one 
I volume all that students usually rerpiire. 

I The Examples at the end of each cluiiiter 
will, it is hoped, furnish sufficient exoi eise, 

I as they have been carefully selected with 
1 the view of illustrating the most imi'oi- 
i taiit points, and have been tested by rc- 
jieated experience with ijujuls. In eon- 
so<iuence of the demand for the work 
proving much greater than had been 
originally anticipated, a large number of 
copies of the Third Edition has boon 
printed, and a considerable reduction 
effected in the iincc. 



6 CAMBRIDGE CLASS ROOKS. 


By ISAA C TODlIUNTEli, M.A. 

H>. ELKMENTAIIY TREATISE ON THE 

Theory of Equations. 

With a Collection of Examples. 

Crown 8vo. cloth. 270 pp. (18G1). 
7a'. ^hI. 

ThiK tronti‘^0 coiitaiiiB sill the proposi- 
tioiih whicli arc usualh iiicludod in clt- 
nicntaTv tuvitiscs on the Tlit'ory of lC<pia- 
tioii'', tosJ^ctlior with a colh'ctiou of E\- 
aui]»lt‘s loj- cNcrciM*. TIiib work inav in 
tact be rcj^aidod ar^ a sequel to that on 
Al}i('])ra by tin* sanit', writei, and aeeoid- 
hmly the student has occasionally been 
i<‘teired to the tre<dise on Altrebra lor t>re- 
liimnavy lulormatioti on some tojnes lieie 
discussed The woik includes time 
chapters on Deti'rnunants. 

11. History of the Progress 
of the 

Calculus of Variations 

Jhiring the Nineteenth Ccntnrp. 

<Svo. cloth. 5J12 pp. (1801). 12*’. 

It is of importance that those wiio wish 
to cultivate any sul>|ect m,iv he able to 
ascertain what results have alieady been . 
obtained, and thus reserve their stienyth ' 
for ditheultii's which ha\o not M't been 
eoTupieuvl. J’he Authoi has eildeavonied i 
in this work to ascertain ilistiiuth what 
has been I’tteeted in the I’logiess of the] 
Calculus, and to form some estimati* of j 
the mannei in which it has been effected. 

— ♦- 

A TREATISE ON 

Mechanics and Hydro- 
statics. 

With SoliitioHS of Qnestions 
rnoi’osiii) IN TiiK c ambkihok sKNATKnoust: 
By W. 11. anOLKSTONE, M.A. 
Christ’s College. 

8vo. cloth. 100 pp. 1862. 


By J. U. PRATT, M.A. 
Arclideacon of Calcutta, late Fellow ol 
GoiiviUe and Cains College, Cambridge. 

A Treatise on 
Attractions, 

La Place’s Fmtefious.^ and the EUjuri 
of iJi< Earth. 

Socond Kdilioii. (’rowiiSvo. 120 pp. 
(1861). eloth. (\s. 6d. 

In tbe present 'I’leatise the author has 
endea\oured Ui suiiply thf' want of a work 
on a subject of great impoi tanee and high 
Intel esl — La I'laec’s i ’(X'Hieu'nts and I'line- 
tions and tlie ealeulatioii ot the Figure of 
the Eaith bv means ol his K'niaikabh' ana- 
lysis. No stiulent of the lughi'i branches 
of Physical Astionomv should be ignoiant 
of La Place’s analisis and its lesuP — “a 
ealenlus,” .sax.s Aiij, “tin* most singular 
in its nature and the most poweiful in its 
ajiiihcation that has ever appeaivd.*’ 

By a. B. AIBY, M.A. 

^ Astionomei Royal. 

1. Mathematical Tracts 

On the Lnnar and Planetary Theories. 
Eigiirv of th( Edirth., iht Undnlatonj 
Theory of OptieSy 

Fourth Edition. 400 pp. (1858). 
8vo. 15s. 

2. Theory of Errors of 

Observations 

^tnd the Comhination of Obscri'ations. 
103 p]i. (1861). Crown Svo. 6s. Qd. 

In Older to spare asli ononieiK and ob- 
serveis in natuial ])hilosoi)ln the confusion 
and lo.ss of time which are jnoduced by 
reterruig to tiic oidmarv treatises eni- 
braeing both branches of I’rohabilities, the 
authoi has thought it desirable to draw 
i up this work, 1 elating only to Errors of 
i Observation, and to the rules deniable 
j from the eonsidei'ation ot tliese Eriors, for 
the Comlnuat um ot the R-esults of Obscr- 
j vations. The Authoi has thus also the 
■ mUantage of entering somewliat more 
! fully into several points of intoiest to the 
obseiver, than can possihlv be done in a 
General Theory of Ibohabihties. 



FOn SCHOOLS AND COLLFGFS, 


lUj GEORGE BOOLE, E.C.L., F.R.S. 
I’rofGKSor of Matlienintics in tkc Queen’s 
Uinv(;rsit-Y, IroUmcl. 

Differential Equations 

'408 pp. Cm. 8vo. cloth. Ihv. 

7'lie A lit hoi* liiis endeavoured in this 
treatise to eonvi'A’ u.n coni]jlete un account 
of tlie present state <»f knowledire on the 
sub|ei;t ol DiHerential Equations as A\as 
consistent with the idea ot a A\oik in- 
tended, primal ilv, lor (dementary instruc- 
tion. Tlie obi(‘cL has been hist of all to 
meet the w.mts of those Avho had no i>re- 
Aious acquaintance with the sub|ect, and 
aho not (]uite to disajipoiut otheis a\ ho 
niiulit s(>eK lor mori“ aihanced informa- 
tion. 'I'ne eailior soidions of each chajiter 
contain that kiml oi matter A\hich lias 
usually been thoueht suitable foi the 
beymner, Avhih' the latter oik'S aie devoted 
eilliei to an account ol ii'cent discovery, 
or to the discussion of sucli deejiei ques- 
tions ot ])imcipl(‘ as are likely to presi'iit 
thi'inselves to t he leflectn e student in con- 
neition witli tin* methods and ]>roces.scs 
oi his i)r<‘vious coin sc. 

• 

2. The Calculus of 
Finite Differences. 

24(S pp. (1860). (ho-wii 8v(). cloth. 
1 Oi-. (SiL 

In this work iiarticular attention has 
bei'ii paid to the i-oniievion ot the methods 
\\ it li those of the DuFerential (.’alenlns — a 
coimeMoii whuli m some instances in- 
aoIm's lai more than a merely formal 
nnal<a>-v Tlie work is m some measure 
ileMir-ued us a sequel to the Authoi’s 'J’rrft- 
1is<’ o7t Jjt/f'fi Kqtatl tons, and it has 

tiecii eomiiosed on the same plan. 


Elementary Statics. 

By ihc lirr. GEORGE RAWLINSON 
I’rofcssor of Applied Scion cos, Elphm- 
stone Coll,, Jlombay. 

EiJdvd hy ihr Rev. E STGIIGES. M.A. 
Hector ol Kencott, Oxfordshire. 
(150 x>p.) 1860. Cm. 8vo. cl. 4s. (Sd. 

This \iork IS published under the au- 
thoritv of II. M. Secretary of State for 
India for use m tlie Govenimeiit Schools 
and Colleges m India. 


By r. G. TAIT, M.A , und 
ir. J. STEELE, B.A 
Eatc Follows of St Veter’s Coll. Camh. 

Dynamics of a Particle. 

JfHh monerous JCxiunjdcs. 

304 pp. (1850). Cr. 8vo. cl. 10s. (W. 

In this Treatise will ht' found all the 
oiHlmary proiiositions conm'clco AMth tiic 
Dviiamic.s of rarfu-les aa Inch can he <'oii- 
A’omentlA' dedueed without the use of 
D’Alemlieit’s Vrmeiples, Throngliout the 
book AAiU be found a numhei of illus- 
trative Examples introdneed in the text, 
and ftu the most pait completelA woikeil 
out; otheis, with occasional solutions oi 
hints to assist the stmhnt uic appcmhsl to 
each Cliapter. * 

♦- 

By the Rvi'. G E. GJJILOE, M A 
Mathematical Professor in tlie South 
Afncan College. 

Singular Properties of 
the Ellipsoid 

yLnd Asf>ocialed Surfdccii of the xtb 
Leyrec. 

152 pp. (1861). 8 VO. hoards. 10.s-.6f/. 

As tlie title of this A'ohime indicates, 
its ohii'cl is to ileselope iiecnli.ii dies m 
the Ellipsoitl; and lurthei, to est.ihlish 
analogous proiiertics In unlimited eon- 
itc'iieiie senes ot w-liieh this remarkable 
burlace is a constituent. 

By J. B. PIT EAR, M.A. 

FelloAV and late Mathematical Ecctuiei ol 
t'lari' (-ollege. 

Elementary Hydrostatics 

tFith nwneroftt l!lxaw2)lcs mid 
Solutions. 

Second JCdition. 15G pp. (1857) 
Crown 8vo. cdotli. 5.v. ikl. 

“An excellent Tntroductoiy liook The 
definitions are veiy clear; the doseiiiitions 
ami ex])l.mations arc sutficieiitly full ami 
intelligible; the mA'estijj;ations are simple 
and scientific. Tlie exan)])les greatly en- 
lianee its value.” — ENiri.tsii Jouunai. oi 
Em e \TioN. 

This Edition eoutams 1 17 E\amplcs, and 
solution^ to all these exumiiles are giA-en 
at the end of the book. 
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CAMBBIBGJE CLASS BOOKS, 


liy Rev. S. PAItKIJViSOJ^, R.J). 

Fellow and Pradector of St. John’s Coll. 

Cambridge. 

1. Elementary Treatise I 
on Mechanics. I 

JFifh a Collection of Exam2tles. 

Second Edition. 345 pp. (1861). 

Crown 8vo. cloth. 1)«. i^d. 

The Author has endeavoured tt) render 
the i>res(‘tit volume sintahle as a Manual 
for the junior claves in Universities and 
the higher classes Schools. V\ ith this 
object there have been included in it tho.se 
poitions of theoretical Mechanics which 
c.m be conveniently investigated without 
the Difterentud Calculus, and with one 
or tw'o short excejitions the student is in»t 
IircBurned to re<iuire a knowledge of any 
bran<-he.s ol IVIathcmatics beyond the ele- 
ments of Algi'bia, (jconietr>\ and Trigo- 
nometry. A collection of Piobleins and 
Kvamiilos has been added, chietly taken 
from the Senate-House and (Jollegi* U\- 
aminatioii Papers — which w’lll be found 
useful as an exercise tor the student. 
In the Second JCdition several additional 
propositions ha\e been incor})oratcd in 
the w'ork for the purpose ot rcndciing 
it more complete, and the Collection ot 
Examples and Problems has been largely 
increased. 


2. A Treatise on Optics 

304 pp. (1859). Crown 8vo. lOs. Gd. 

A collection of Examples and Piohlems 
has been appended to this work wliieh 
arc suttieiciitly numerous and vaiied 
111 cliarai’tei to affoid usctul exercise 
lor the student ; for the greater part ol 
them recouise has been had to the E.\r 
aiiuiiation Papers set in the University and 
the seveial Uolleges during- the lust twenty 
j ears. 

Subjoined to the copious Table of Uon- 
tents the author has ventui ed to indicate 
an elementary course of reading not un- 
suitable for tile retpiiremeiits of the First 
'riiree Days in the Uambndge Senate 
House Kxanunations. 


Ri/ R I). BEASLEY, M.A. 

Head Muster of Grantham School. 

AN ELEMllNTARY TREATISE ON 

Plane Trigonometry. 

With a numerous Collection of 
Examples. 

106 pp. (1858), stroTif^ly bound in 
cloth. 3s. Gd. 

This Treatise is specially intended for 
use in Schools. The choice of matter has 
been chietly guided by the rcijuircments 
of the three days’ E.xamination at Cam- 
bridge, with the exception of pioportional 
jiarts in logarithms, w’hich have been 
omitted. About Four hundred Examples 
have been added, mainly collected Irom 
the Examination J'apers ot the last ten 
years, and great pains ha\e been taken 
to exclude from tlu‘ body oi the work any 
which might disheai-tcn a begumer by 
theii* difficulty. 


By .T. BROOK SmTII, M.A. 

St. John’s College, ('ainbndgc. 

Arithmetic in Theory 
and Practice. 

For Advanced Ptq^ils. 

Part I. Crown 8vo. cloth. 3 ^. Gd, 

This work tornisthc first part of a Trea- 
tise on Aiithmetic, m which the Author 
has ciidcavourcd, liom very simple prin- 
ciples, to explain in a full and satisfactory 
, maimci all the important processes in that 
i subject. 

U'he proofs have in all eases been given 
in a form entirely arithmetical : for the 
author does not tliink that recourse ought 
to be had to Algebra until the ui ithmetical 
proof has hecome liopelessJy long and per- 
plexing. 

At the end of every chapter several ex- 
amides have been w'orketl out at length, 
in which the best practical methods of 
operation have been carefully pomted out. 
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By G. II. BUCKLE^ M.A. 

Principal of Windermere College. 

Conic Sections and 
Algebraic Geometry. 

With numerous Easy Exami>les Tro- 
fjressivcl y a rranyed. 

Second 3'^dition. 201 pp. (1856). 
Crown 8vo. "Js. Gr?. 

This hook has been written with special 
releience to those difheulties an<l nusap- 
jirehensifnis which cominonlj’ hes(‘t the 
student wlien he coiiinienees. AVith this 
ohiect in mow, the earlier part of the 
subject has been dwelt on at length, and 
geoinetiieal and numerical illustrations of 
the analysis have been introilueed. 'I'he 
Examples appendc'd to each section aie 
niosth ol an elemental v desei iiition. 'J’he 
>vork will. It IS hojied, he found to con- 
tain all that Is rec|uiied by the up])er 
classes of schools and by the geneiMhty 
ol students at the Unneisities. 


By EDWAliB JOHN ROVTII, M.A 
Fellow and Assistant "I iitoi of St. Tetc-r’s 
College, Cam budge. 

Dynamics of a System 
of Rigid Bodies. 

With numerous Examples. 

336 pp. (1860). Crown 8vo. clolli. 
\()s. Cy(l. 

CoNTKNTs ; Cha]). 1. Of Moments ol 
liK’itia. — II. It’Alembeit’s Principle. — 
111. Motion about a Fixed Axis. — IV. 
Motion in Two Dimensions. — Y. Alotion 
of a Higui Body in Three Diiiiensioiis. — 
VI. IMotion of a Flexible String — YU 
Motion of a Si stem of liigid Bodies. — 
Vlll. Of Impulsive Forces. — IX. Miscel- 
laneous J.xaiiiiiles. 

The numerous Kxamiiles which will be 
found at the end of each chapter hax*e 
been chiefly selected from the Examina- 
tion I’apers set in the l^niveisity and 
tkillegcs of Cambridge during the last few' 
years. 


The 

Cambridge Year Book 

AND UNIVERSITY ALMANACK 

For 1863. 

Crowm 8vo. 228 pp. price 2s. 6^7. 

The specific features of this annual pub- 
lication will be obvious at a glance, and 
its lalue to teachers engaged in proiianng 
students foi , and to paionts who are scinl- 
ing tlieir sons to, the I'mversity, and to 
the public generally, will bo clear 

1. 'Die w'bolc mode of proceeding in 
j entering a sfaidcnt at the I niversity and 
I at any ^laiticular taillc^* is staled. 

2. Tlie coifrse of ill# studies as rogulafed 
' by tlie Uni%eisitv exammatioir-. the man- 
! ner of these examiiuitions, .md the specific 
; subiects aiul times tor the year ISfill, arc 
; gi'on 

:{ A coini>lef,e nccount of all Wcbolar- 
I ships .and I'.xbibif, ions afi the se\cral Col- 
leges, then value, and the means by which 
j tlicy .ire gamed. 

4 \ biict summary of all (Jiaccs of tho 

Senate, Degrees conferred dining the year 
Isnl, and Uni\erHjty news gonendly are 
given. 

I r> The Regulations for the Lorvn Ex- 
AMiNV’i ION of those who are not Tiiembeis 
of fli«‘ I'nivoisily, to bo ludd tins ye.u , 
with the ii.iines of the books on wbieii the 
Evainiiiation will be based, and the date 
on width the I'kvamiiiation will be held. 


By N. M. FFJillERS, M A. 

Fellow .and iMatbemuticul Lecturer of 
(Jonv'ille and (^iius College, Cambridge. 

AN ELEMENTARY TREATISE ON 

jTrilinear Co-Ordinates 

The Method of Eeeiprocal Tolars^ 
and the Theory of Erojcctions. 

154 pji. (1861). Cr. 8vo. cl. 6.9. b</. 

The object of the Author in wanting 
on this subject has mainly been to place 
it oil a basis altogether mdepeiident of the 
ordinary' C’artesian !>ystcm, instead of re- 
gardmg it as only a special form of abridged 
j Notation A short cb.iptcr on Detcrini- 
I uants has been introduced. 
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By J. a .^.YOirBALL, 21. A. 

Lute rdloM of St. John’s Coll, (’umbridf^o. 

Plane and Spherical 
Trig:onometry. 

With th,v Cotisfrncfion (tad Use of 
Tahhs of Lor/a)'i(hms. , 

Nititli Edition. 240 ])p. (1857). 
Orow n 8vo. 7-v. 0<'/. 

Til prc']):iimt>: a now oihtum, the jmiofs 
of sonic ol tin.* inoroiinjioitant pioiiosition*' 
huM* been ri'iidcri’d move stru-t and j^e- 
nc‘iul, and .1 consKh'vablc .nldition ot inoie 
than Tu o off A’ rr/ «//>/<••. taken pnn- | 

eip.dly from the qm’Ctions in tin* Kxainma- ! 
turns <il ('ollej'os and the I’mversity, has ' 
been made to the <‘nlleo,tion ot Examples ! 
and I’roblems lor practice ' 

By W. II. BUKW, M.A. 

Second M.ister of rjlachheath School. 

Geometrical Treatise 
on Conic Sections. 

With a copious Collccdon of Bxamplcs. 

S(‘(*.ontl Edition, (^rowu 8vo. cloth. 

4.S*. 

In this worlv the subject of Come Sec- 
tions has been placed before the stiulent 
ill such a foiin that, it is luqied, alt<*i 
masti'nmr <lie eli’inents of Kuchd, he mav 
find it .111 eas\ and inttwestiiij? continuation 
of his ijeoinetric.il studies. With a Mei\ 
also of icndermjj; the ’work a coinjilete 
Manual of nhai is ie<iuiied at the Uni- 
veisities, tlu'ie have been either embodied 
into the text, or inserted amoiifi: the ex- 
amiiles, e\ eiw bookiiork question, jirob- 
Icni, and nd<*i , a\ Inch has been proposed 
in tile Cambndpre exaniinations ii]> to the 
present time. 

Solutions to the Pro- 
blems in Drew’s Co- 
nic Sections. 

Crown Svo. cloth. 4s. Qd. 


Senate -House Mathe - 

matical Problems. 

With Sot lit ions. 

IStS-.'il. JJy Fkiikiks and Jackson. Svo 
l.'i.s. i\tl. 

1 S 1 .S-,j 1 . (Him us) Hy Jamison. Sa'o. 
Is. Cut. 

1 K.> 4 . r.y Walton and Mackf.nzil 

10 .y M. 

]8.")7. r>v C\Mi*ioN and Walton. 8vo. 
8^. (id. 

I8li0 J’.a llouTii and Watsov. Crown 
8 VO. 7 s. (k/. 

'I’he abo\e books contain Problems and 
Examples whitli have bcf-n st'l in the 
Cambiidjio Senate-house Examin.itions at 
11 urn*' lU'iTods dunnu tin* l.ist tweh’c 
ye, Us, toaefher witli Solutions ot the same 
The Solutions aie in all eases tinen by 
the V.x.iuuiieis tliomsolves or niidei their 
sanction. 

By H. A. MO/ir/Air, M.A 
PelloAv ol Jesns (’ollei?e, Cambndpfe. 

A Collection of Mathe- 
matical Problems and 
Examples. 

IVith Ausu'vrs. 

190 PX 1 . (1858). Crown Svo. O.v ^d. 

This book contains a nuiubi'r of jirob- 
lems, chicHy eleinent.nv, in the M.itlic- 
matical subjects iisualli re. id at C.ini- 
biidire Tliey have been selt‘(t(*d liom 
[ the papers set duiiii}; late yi'.iis at Jesus 
: Collepe. ^ely lew* ot them aie to be met 
with 111 other eolh'ctioiis, and bi far file 
! larffor iiiimber an* due to some of the most 
distiimiubhed IMalhematiciaus m the Um- 
X ersitx . 

Cambridge University 
Examination Papers. 

Crown Svo. 184 pp. 2 a-. (><?. 

A Collection of all the Papers set at tho 
Exainmatioiis tor the ITotrrccs, the 
various Tiiposos, and the Theoloi^ical 
Ceititicates in the Unheisity, xvith last 
of Candid, It es Examined aiid ol those 
Approx’ctl, and an Index to the Subjects, 
1800 - 01 . 
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A Treatise on 

Solid Geometry. 

'Jiy VEliriVAL FltOST, 21. A. ^ 

St. John’s Colk'} 4 C, imd 
JOSEPH WOLSTENJlOLMi:, M.A., 
Christ’s Coll, CainhiKlffo. 

472 pp. 8 VO. doth. 18a-. 18G3. 

'riio anthoi s h.u c’ oikIcma oared to present 
helori' stiidi'iits as eonijnehensive a view ol 
the snlipH-t IS possihh'. Intendin}^ as the\ 
lane tloiu- to niakt' the subpH’t .leec-ssihh', 
at l<Msi m tlu' (’ill her ixntion, to all classes 
ol students, thc\ haNc eii<lea\oured to ex- 
1 ) 1.1111 liilh all tlie processes -vvlnch are 
most iihi'tul 111 de.ilin^ with ordinarv tlu’o- 
iciiis itiid luoh'K'ins, thus diK’ctiiitJr tlu’ 
Miuliuil to the selection ol iiK’tliods which 
ar(' h('st adapti'd to the cMjrencK's of c<icli 
])rohlein. In 'he mox' ditticult portions ol 
the siihii’Ct, thcA have considex’d them- 
'-ehes to !)(' addicssim. .i ‘*h»ss ot 

Students, tlu'ie ‘lu’v ha\e tiied’to la\ 
a f;ood tonnd.ilion on winch to huiltl, il 
m'\ T-c tdi'i .vhonld wish to iinrsue the 
s( lence l)C\ond the hints to wliieli the 
woik extends. 


AN ELE:MP1NTAIIY TItEATIBE ON 

The Planetary Theory. 

WITH A (JOLLECTIOX OF rnOULEMS. 

lUj a. IT. 77. VJIEVNE, Ji.A. 

Scliolai ot St. John’s C'olle«-(', Camhridufe. 

I48pp. 18G2. Cm. 8vo. cloth, (is. 

In this \o1unie, an attempt has heen 
made to pioduce a 'rieatiscon the I’laiiet.irA 
Thcoi-\, which heini^ eleinent.ii \ m cha- 
ractei, should be so tar conijdete, as to 
contain all tliat is usually lequiicil Iia 
students in tlie Univ(*rsity A eolli ction 
of Viobli'iiis has heen added, taken chietlA 
from C.imbndf^e Kxaimnatiou papcis of 
the last twenty yeais. 


Jiff JOHN E. B. 2JAY0E, 21. A. 

Eelhnv and Classical hecturcrof St. John’s 

Collef?e, C imbridp-e. 

1. Juvenal. 

Wilh Fjnjlish Notes. 

4G4 pp. (1851). Crown Svo. cloth. 

10,s. VuL 

“A School edition of Juvenal, which, 
lor lealU iipe .scliol.ir.^hij), exti’iisne ac- 
(luaiiitance with Latin literature, tuid la- 
niihar know-ledae ol Contmcnlal criti- 
cism, .mcicnl and modem, is un^'Urpas.sed, 
wedonot.saA amoii}^: J amlisli School-books, 
but amon^ Knuhsli editions generally ” — 
KinMn'iu.iT ill VII w. ^ 

- ^ — 

2. Cicero's 
Second Philippic. 

I'lHfUsh Notes. 

1G8 j)]). (18G1). Kcp. Svo. cloth. 5.s, 

The Test is that of ilalm’s 2nil edition, 
(Leijizu*, Weidm.inn, IS.'iS), with some 
collections fiom MiulMti’s 1th Edition 
(Copenliaiten, IK.iH), ILilm’s Tntroduotion 
has been doselv tianslated, svith some 
additions. Ills iioti’s base lii’cn curtiiiled, 
omitted, Ol enkiifred, at discretion; pas- 
saj^es to whicli lie ttives a baie lelerence, 
aie for the most pai t pimf('d at len^>th ; 
lor the (Jreek exti.iets an Eiiftli^'l* version 
has lieen substituted. A laree body ot 
notes, cliK'tly ^-laiiimatical and liistoiical, 
has been a dik’d ti om vai urns souices. A 
list ot books nsotul to the student ol 
Cicero, a copious Ai aliment, and an Index 
to thc’ introduction and notes, coin])leto the 
book 

— -f- 

IB/ P. EPOS7\ Ju?i., 2I.A. 

Ij.ato F'ch'iw of St. .John’s Coll. C.imbridge. 

Thucydides. Book VI. 

IVith Nntjlish Notes, Maji a)id Index, 
8 VO. cloth. 7-v. Gi/. 

It has been atti'iiipted in this Avork to 
facilitate the att.imment ot accmacy m 
translution. Witfi this end m view the 
Text has been treated iTrauimatically. 
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CAMBBinaB CLASS BOOKS 


7?.V Ji. nUAKE, M A. 

Late Fellow of Kiug’e Coll, (’am bridge. 

1. Demosthenes on the 

Crown. 

With Bullish Notes. 

Second Edition. To whirh is pre- 
fixed J'Es(3IITNKS AOAINST CtKSI- 
niON. With English Notes. 

287 pi^. (1860). Feap. 8vo. el. o.s. 

The fiist edition of the late Mr. Diake’'^ 
edition of Deiiiostlienes tie Corona liiiMiig 
met with eonsnlerable aeoe]>tance in vai i- 
oiis Hehools, and a new eilitioii being called 
for, the Oration f>f ^Fsehines against CtcM- 
]ihon, in ueef)r(iai<l‘e with the. wishes of 
iiuuiy teaeheis, has been appended with 
nselul notes by a eoinpetent scholar. 

2. iEschyli Enmenides 

With English J'erse Translation, 
Copious Introduction, and Notes. 
8vo. I i4. pp. (I8d3). 7s. Gd. I 

“ Mr. Drake’s ability as a critical Seho- I 
liir is know'll and admitted. In the edition ; 
fif the Fuinenides before* us we meet with 
him also in the capacity of a Poet aiul 
Historical Essayist. 'I'lie translation is 
flowing ainl melodious, elegant and scho- 
lurlike. 'J’hc Oreok Text is well ininted : 
the notes are clear and useful ” — Ocar- 

niAN- 

7?// r. MEJilVALE, TtJy. 

Author of “ History ot Home,” Sac. 

Sallust. 

With English Notes. 

Second Edition. 172 pp. (18d8). 
Fcap. 8vo. 4.S. Gd. 

“This School edition of Sallust i.s i>re- 
cisely w bat the School edition ot a l.atiii 
author <night to be. No iiseles.s words 
arc spent in it, and no words tliat could 
be of use are spared. The text has been 
carefully collated with the best editions. 
"With the work is ,gi>en a full current of 
extremely w'cll-sLuected annotations.” — 
The Examiner. 

The “Catii.ina” and “ .1 UGiTUTnA” mni/ 
he had separately, price 2a. Cd. each'* 
bound in cloth. 


By J. Wit I OUT, M.A. 

Head Master of Sutton Coldfield School 

1. Help to Datin 
Grammar. 

With Easg Ejrcrcises, and YocahuUu'y 
Crown 8vo, cloth. 4.v. Gd. 

Never w'ns there* a better aid offered 
alike to leaelier and scholar in that ardu- 
ous jiass The stele is at once familiar 
and strikingly simple and Ineul ; aiul the 
exijlanations jjreeisely hit the difficulties, 
and thoioughlv explain them.” — Euamsii 
.loUUNAE OE Em c \iiox. 

2. Hellenica. 

A iTPwSr GREEK READING ROOK. 

Second Edit. h\*ap. 8vo. cl. 3s. Gd. 

In the last twenty eha])ters of this 
volume, Thucydides sketches the use and 
progre.ss of the Allieman Emjiire iii so 
clear a style and in such simjile language, 
that the a'utlnn doubts whetlier any easier 
or uid^e nistrui tivt* p.issages can he 
sf‘h*c*ted for the use of the i»upil who is 
coinmenciiig Gieck. 

3. The Seven King^s of 

Rome. 

^ Eirst Latin Heading Book. 
Second Edit. Foap. S\o. cloth, os. 

This work is intended to sujiply the 
pupil with an easy (’onstrmng-hook, which 
m.iy, at the same time, 1)0 made the 
vehicle foi uist-rueting him in the rules of 
grammar and ijiincijiles ot composition. 
Here Eivy t<*lls his own ple.isant stones 
in Ills own pleasant words, l.et Livy he 
the iimstei to te.ieh <i boy Latin, not some 
English collect oi of sputenees, and be W'lll 
not be found a dull one. 

4. Vocabulary and Ex- 
ercises on “The Seven 
King:s of Rome.’^ 

Fcp. 8vo. cloth. 25. 6d. 

*,*► The Yovahulnry and Exercises may 
also he had hound tip with “ Tile 
Seven Kings of Home.''* 5a. cloth. 



FOR SCHOOLS AND COLLEGHS. 1:5 


Hxj T.nWAllB TURIN Cm, M.A. 

Hoad Master of IJppiugliam School. 

Elements of Grammar 
Taught in English. 

irifh Questions. 

Third Edition. 136 p]>. (1860). 

J)omy 18mo. 2^f. 

2. The Child’s English 
Grammar. 

Xow Edition. 86 pp. (18d9). Demy 
18mo. l.s. 

The AutliorV effort in llier^c tuo hooka 
has becTi to pt)nit emt the bro.ul, beaten, 
e% cry-day path, eurefull\ avoiding di{?res- 
sions into the bye wavs and eecf'utrieities 
of lan^Uvnte. This Woik took its use 
tioiii (iiu'stioiiinfrs in TNulional Schools, 
and the m bole (ff the hrst part is luercly 
the wtitinpr ont in ordei the answers to 
questions >Nhich liuvi* been used^ulrcady 
with success. ^I'he study ot (iruminai in 
hn^lish has boon much iic.trle<-ted, nay by 
some init on one siile as an imiiossibihtj . 
Theie was perhaps much triouud for tins 
opinion, in the inedle;. of arbitiai’j lules 
thrown befoietho student, Inch applied 
indeed to a certain mniiber <if instances, 
but would not work at all m inuiiy others, 
as must always ho the case when ])rinci- 
plcs are not imt loiward in a laiifruaprc 
lull of ambiguities. The jiresent work j 
does not, thcietore, pietcnd to be a com- | 
Ijendniin ol idioms, or a philoloK'ical trea- ' 
tise, but a (hanimar, (h in other words, i 
Its intiuition IS to teach the learnei how to ■ 
speak and write correctly, and to undei- : 
'.taml and e\plain the speech and wuitinjjs 
of others. Its success, not onlj'^ in JNaticmal 
Sclniols, Ironi practical woik in which it. 
took its rise, hut also in classical schools, ; 
IS full ot encouragement. 

3. Scliool Songs. 

t (’Ol.kKCTJON OF SONCiS FOll 
S(31I(K)LS. 

WITH THE ML’ SIC AllHANGED FOR 
FOUR VOICES. 

RditcO by Rrti IJ. TURIN O and 
7/. RICCI VS. 

Music Size. 7.V. Qtd. 


By EBWARl) TlfllTNG, M.A. 

4. A First Latin Con- 
struing Book. 

104 pp. (1855). Ecap. 8vo. 2s. Gd. 

This Construing Book is draw'ii up on 
the same sort of g-raduated scale as the 
Author’s Rnyhsh Grammar. I’assaffCH 
out of tlie best Latin I’oets are "raduallj" 
built up into their iierfcet shape. The 
lew' words altered, or inserted as the pass- 
afres j^o on, are printed in Italics. It is 
hoped by this jilan that the learnei , wdiilst 
ac qnirinjr the rudiments of kuiffuat^e, may 
store his mind with fr^od jioetry and a 
Kood vocabulary. i 


By C. J VAVGHAN, I). I). 

Head Master of llairow Hchool. 

St. Paul’s Epistle to 
the Romans. 

The Greek Text \eitli Lnylish Notes. 

Second Edition. Crown 8vo. cloth. 

(1861). bs. 

By dedieatiriff this w'ork to his elder 
Puinls at Harrow, the Author hojios lliat 
he sufficiently iiidicatos what is and what 
IS not to be looked for in it. lie desiies 
to reeoid his iminession, (U■^i^ed fioin the 
expeiicnee of many years, that the Fpis- 
tles of the New Testament, no less than 
the fJospels, are cajiable of fumishmj? 
useful and solitl inatrnction to the hif^hest 
classes of our Fuhlic Schools. It they are 
taufrht accurately, not controversially ; 
positively, not ni‘{>.itively ; autliorita- 
i tively, yet not dofjrmatically ; taught with 
i cltise and constant refoi once to their literal 
ineanmp, to the connexion of their paits, 
to the sequence of their aruruinont, as well 
I as to thoir moral and siiu'itual instruc- 
tion ; they will mterest, they w’ill inform, 
they will elevate; they will iiispiio a ro- 
>erenee for Scripture never to be dis- 
cartletl, they will awaken a desire to drink 
moie deeply of the Word of (iod, certain 
I hereafter to be gratified and fulfilled. 
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* 1 . 

liij a J. rAi:(iiiAN^ n.n. 

Notes for 

Ijectures on Confirmation. 

With Suitahlc' Prayers. 

4 th Edition. 70 ])p. ( 1802 ). Fcp. 

8 VO. l.v. 

Tins work, on^iuiilly ])i(‘paro<l for the 
uso ot Ilairow Sctiool, i!* puhlished ni tho 
bc‘lu‘f tlint It lu.ij’ tlif labours of j 

those 'wlio ;ir<* en}.ra^efl in picparinn ran- j 
ilul.iU's lor (Jonhi luation, and who find it ; 
ditiii'Ult to lav lli#‘U liand upon any one ( 
book of suit.ible rueliou at onee siitli- I 
cicntly lull to turnish a s\noi>svs of tlu* j 
suhjeet, and sutlieientU elastie to I'm* tit'O i 
s(‘oiK> to the indiv idn.il ludmuent in the! 
use (>1 it. It will also b(‘ found .i hand-' 
book lot tbos<> who are beinur ])i (‘pared, as ' 
liresoutuiK lu a eom])ael lorni the Aei\ . 
jioints whndi a lecturer w'ould -vvisb Jus i 
heaters to reiuoinber. 

2 . 

The Church Catechism Illus- 
trated and Explained. liy 
A it T 11 U 11 il A iM S A V, M. A. 
ibiiio. cloth. 26 -. 

3 . 

Hand-Book to Butler’s Ana- 
logy. liy C. A .SWAINS()]S\ 
M A. ];'p. ( 18 < 50 ). Crown 8 vo. 
l.v. del. 

4 . 

History of the Christian 
Church during the First f 
Three Centuries, and the 
Reformation in England. 
By AV. SliNll^SON, Ai.A. Fourth 
Edition. Eep. 8 vo. cloth. 36 -. (it/. 

5 . 

Analysis of Paley’s Eviden- 
ces of Christianity. By 
CllABLKS II. CROSSE, M.A. 
115 pp. ( 1855 ). 18 mo. 3 s. 6 d. 


rORTlICOMLNO BOOKS. 

1 . 

An Elementary Treatise on 
Natural Philosophy. 

Kv WILLIAM T1I():\IS()X, LL.D., 
F.It S,, lat(‘ Fellow ot St. I’ettu ’s C’oU , 
(‘aiuhrid^e. Professor of Xatural Pln- 
losopliv ill the I nnc'isity of (dasoow ; 
and PFTKK (.UTllllTK TAIT, M.A., 
late Fellow’^ ot St. I’elei’s ('olle'jre, 
(’ambiidf'e. Professor of “N aim al l*hi- 
losophy Hi the Umveisitv of Fdiii- 
burjfh/ With nunieious lllustr.itions. 

\/u tJir I'lLiyi-. 


The Narrative of Odysseus. 

lloimr’s Odvssey, Hooks i\ — xii. The 
(ireek Text with F.utrlish rsotes. Foi 
Schools and Colleires P,\ .lOITN 
K. ^15. MAYOK, Id. A., Pcdlow and 
Piincipal Classieal Leetmer of St. 
Jolin’s Colleffe, ('ambi idye. 

[A'co/7// JirntU/. 


r,. 

First Book of Alegbra. For 

Schools. d w. EMAS, M. \ ., 
and Ik M. CLARK 11 , M.A., Sidney 
Sussex C'olh's^e, Caiubi idue. 

lPr<‘pa 7 'in</ 


4 . 

Aristotelis de Rhetorica. 

With Xot«'s and Tnlrodiietion. JJy 
E. IM. COPE, M.A., l‘'ollow and Assist- 
ant Tutor of Truiity College, Cam- 
bridge. 


The New Testament in the 

Orig'inal Creek. Text revised by 
IL F. WESreOTT, JM A., and F. J. 
IIOKT, M.A., formerly Fellows of 
Truuly College. 
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N CAMBEIDGE MANUALS 

FOTl a’HEOXiOOICA.Xj STTJDEN^TS. 


1. History of tlie Christian | 
Church, during* the Middle j 
Ages, hy AiiciinKAcoN IlAllT)- i 
AVJCK. Scoond Edition. 482 px>* 
(1801). With Mai)S- Crown 8\’o. i 
ehjlli. lOs. GrL 

'J'liis t oluino cl. iron to bo retjardcd ak 
fill nilii'n*al .'Old iiidcpc'iidctii ticatise <ni 
1 he Medl.^•^ aJ tiiurcli Tlio Hjstiny com- 
meiicch ANith the time ot (Irogorv tiic (Jrcat, 
to the vc.'ir la2(),— l lic j'c.ii when T.utlier, 
ha\ Mil? I)cen extruded from tho..e<’linrcljeH 
that adhcicd tcj the < ’ouniiniiion of tlie 
J’ojie, e^l.f)blished a pi-o\ iMon.d h»rm of 
iTovernnreiit and opened a ficisli era in the 
i»istoi> o‘ Furujie. 

2. History of the Christian' 
Church during the Refor- 1 
mation. Hy Auciidx. II A 111)- 
WICK. -151/ pp. (1856). Crown 
8vo. cloth. 10.>. (icf?. 

Thi‘< 'Work forms a Sotijutd to tlio Au- 
thoi’s liook on 'I'lic Aliddle Ag-eH. Th< 
.\utlKn’s wish tnis btvu to gne the reader 
a tiiTsi worthy vcii^um of tliose .stirring 
incideuTrf wliich luaik tlio llotormation 
])eii()d. 

3. History of the Book of Com- 
mon Prayer. With a ilationalc 
of its Odicos By FllANCIS 
3’U( )CTKll, M. A. Filth Edition. 
404 pp, (1860). Crown 8vo, cloth. 

lO.v 

In the course of tlie last twenty years 
tlic whole »iuestion of liturgical knowledge 


has been rooiioned with great learning and 
accur.ito researcb, and it i.s mainly with 
tho view of oj»itoTm>:ing their extensive 
imblieations, and correcting by their hel]) 
tho errors and misconceptions which had 
obtained cuneiicy, tliat tho present 
volume has been jmt together. 

4. History of ■gie Canon of 
the New Testament during 
the First I^ur Centuries. 
By laiOOKE FOSS WPhST- 
COTI’, M.A. 594 pi». (1855). 
Crown 8vo. cloth. 12.s’. (hA 
The Author b.is endeavoured to eoniieet 

the history of tho ISew 'restamont t'unon 
with tho grow til !ui«l consolidation of the 
(diurch, ami to jiomt out tho relation 
existing between tlie amount of eiidcnei' 
for the authentieity of its ionii»oiient p.irts 
I and the wdiolo mass of Cluistian litei atuie. 

I Sueh a method ot iiiquii y will eoiive.v lioth 
the truest notion of the connexion of the 
written Word with the li%iiig Jlody of 
Clirist, and tbe surost oonviction of it.s 
divine authority. 

5. Introduction to the Study 
of the GOSPEIiS. ByBIlOOKE 
FOSS AVESTCOTT, M.A. 158 
pp. (1860). Crown 8vo. cloth. 
10s. 6^/. 

This book is intended to bo an Intro- 
duction to the ol tho (los])els. In 

.1 subject Avhieli involves so va^t a literatuic 
mueli must have been ovei looked ; but the 
Author has made it a iiomt at le.i.sL to 
study the researches of the great writers, 
und coiiHciously to neglect none. 


This Series of Theologic.^Ii AIanuals has been published with 
the aim of sux)|jlyiiig Books concise, comprehensive, and accurate ; 
convenient for the Student, and yet interesting to the general 
reader. 



Uniformly printed I8ma. 
with Vignette X'^tlcs by 
T. Woolner, W.^ Holman 
Hunt, &c. 



Handsomely bound in ex- 
tra cloth, 4«. (id M»wocco 
plain, 7 a. 6/7. P4^oroceo ex- 
tra, 10«. ,acli Volume 


1. THE GOLDEH TKEASURY 

OP TUP BEST SONGS AND LVRirAL POEMS IN THE ENGLISH 
LAN(JUA<;E 

Selected and arranged, with Notes, by F. T. PALGIiAVE. 

Twfi.ftii TirousAXi), with a Vignette by T. AVoorNcu. 

There is no btiok in the English language \thich w ill make ii more delightful 
eomiiauion than tfiis . . . whieh must not onlj' be read, but possessed, in order to 

be adequately valp^'d.” — S pfctatou. 

2. THE CHILDREN’S GARLAND. 

FROM 'ITIE BEST POEl'S. 

Selected and Aixangcd by COVENTRY PATMORE. 

Fouuth TiiorsANi), with Vignette by T. WooLm.!!. 

“Mr. Patmore deserves our gratitude for having scar/*hcd throtigh th(‘ W’ide field 
of English poetry lor these flow'ers which youth ^ind age can equally enjoy, and 
woven them into ‘The Children’s Garland,”* — Lon now Rkmfw. 


3. THE PILGRIM’S PROGRESS. 

IJy JOHN RITNYAN. 

With Vignette by W. Holman Hunt. 

Large paper copies, crown 8vo. cloth, 7.v. 6c7., half morocco, 10«. (!«'. 

A prettier and better edition and one more exactly suited for ust' as an elegant 
and inexpensive Gift Book is not to be found,” — Examinkk. 

4, THE BOOK OE PRAISE. 

FROM THE BEST ENGLISH HA MN WRITERS. 

Selected and arranged by ROUNDELL PALMER. 

Eighth Tkousanu, with Vignette by T. Wooi.ni<,ii. 

*■“ Comprehending nearly all that is excellent m the hymnology of the language. 
. , . . In the details of editorial labours the most exquisite liiush is manifest ” — Tut. 
Fheemah. 


5. BACON’S ESSAYS AND COLOURS OF GOOD 
AND EVIL. 

With. Notes and Glossaiial Index, by W, ALDIS 'WRIGHT, M. A., 
Trinity College, Cambridge, 
a Vignette of’Woolner’s Statue of Lord Bacon. 

Large Pap^ Copi^, Crown 8vo. cloth, 7s. 6d., half-morocco, 10a. Crf. 

** Bdited in a manner worthy of their merit and fame, as an English classic ought 
to be edited.**-^l>Aii.r News. 

^almti, Iprinitr, Cambribj^t. 






